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Abstract 



We show the existence and uniqueness of the maximal entropy measure for non-uniformly 
hyperbolic C 2 -Henon like diffeomorphisms. This follows mostly from a geometrical study of the 
attractor and a conjugacy of a subset with a strongly positive recurrent Markov shift. Moreover 
a coding of the periodic points shows that the maximal entropy measure is equidistributed on 
them. The maximal entropy measure is also shown to be finitarily Bernoulli, exponentially 
mixing and satisfying the central limit Theorem. 



We are going to study the ergodic properties of a large set of non uniformly hyperbolic diffeomor- 
phisms of the form: 

fa,B ■ (x, y) H- (x 2 + a + y, 0) + B(x, y, a), 

where B G C 2 (M? x M, M 2 ) is uniformly C 2 -close to 0. We denote by b an upper bound of the 
uniform C 2 -norm of B. In [Berll] the following result is shown: 

Theorem 0.1. For any n > 0, for any ao greater but sufficiently close to —2, there exists b > 
such that for any B with C 2 -norm less than b, there exists a subset 0# C [— 2,ao] such that 




The definition of strong regularity is recalled in section[2j We showed in |Berll| that this implies, 
for each a G fls, the existence of a physical, SRB probability, left invariant by f a ,B\ the associated 
attractor is non-uniformly hyperbolic. 

Strongly regular maps enjoy of many properties. Their structure enables us to prove here: 

Theorem 0.2 (Main result). Every strongly regular map f leaves invariant a unique probability of 
maximal entropy v. Moreover v is equidistributed on the periodic points of f, is finitarily Bernoulli, 
is exponentially mixing and satisfies the central limit Theorem. 




Lcb fig 



> 1 — 77 and for every aGflg, the diffeomorphism / a # is strongly regular. 



Leb [-2,oo] 



Let Fixf p denotes the set of fixed points of f p , and for i£l 2 , let 5 X be the Dirac measure at 
x. A probability v is equidistributed on the periodic points of f if the following limit converges to 
fx in the weak topology: 

Card FixfP D *' ~* P ^ + °°- 

A Bernouilli shift is the shift dynamics of Eat := {1 5 • • • >-^} Z endowed with the product prob- 
ability p z spanned by a probability p = (pi)f =l on {1,. .. , N}. The entropy of the probability 
p z is hp = — ^2iPilogPi. By Ornstein and Kean-Smorodinsky isomorphism Theorems, any two 
Bernouilli shifts (£tv,p z ) and (£tv'>p' Z ) with the same entropy h p = h p > are finitarily isomorphic 
[KS79]. This means that there exists a bi- measurable isomorphism sending p z to p' z , such that the 
isomorphism and its inverse are continuous almost everywhere with respect to p z and p' z . 

To be finitarily Bernoulli means that the dynamics, with respect to the maximal entropy measure, 
is finitarily isomorphic to a Bernouilli shift. 

The central limit Theorem is that for every Holder function ip of i/-me&n 0, such that -0 ^ <j)—(j)of 
for any 4> continuous, then there exists a > such that ^= Y27=i ^ ° P converges in distribution 
(w.r.t. v) to the normal distribution with mean zero and standard deviation a. 

The measure v is exponentially mixing if there exists < k < 1 such that for every pair of 
functions of the plane g G L°°(v) and h Holder continuous, there is C(g, h) > satisfying for every 
n > 0: 

Cov u (g, h o f n ) < C(g, h)n n , with Cov the covariance. 



Introduction 

Given a diffeomorphism / of a compact manifold M, it is fundamental to study of the invariant 
probabilities (j,, (i.e. f*fj> = fj,). Indeed, by Birkhoff ergodic theorem, for every Borelian subset U, 
a /x-generic point x has its orbit which lies in U in average as much as n(U): 

^Card{n < N : f n {x) G U} -> fi(U), N -> oo, 

whenever [i is ergodic (every /-invariant set has or full fj,- measure). 

In general, a diffeomorphism leaves invariant many probabilities, and so we can wonder about 
which one should we regard. There are mostly two kinds of invariant measures with greater interests: 
those which are physical and those with maximal entropy. 

An invariant probability (j, is Physical if for every point x in a Lebesgue positive set B^, the 
Birkhoff sum jj ^f l (x) converges in the weak topology to fi. For every hyperbolic attractor, 
the existence and uniqueness of a physical measure \x is well known; the basin B^ is formed by 
Lebesgue almost every point in a neighborhood of the attractor. The unique abundant example 
of non-uniformly hyperbolic (surface) attractor is given by a Lebesgue positive set of parameters 
of the Henon (like) family ( |BC91j . |YW01| . [Berllj ). For such dynamics, Benedicks and Young 
proved the existence and uniqueness of the (SRB) physical measure fi |BY93j , Benedicks and Viana 
[BV01] showed that the basin of such a measure is Lebesgue almost every point in a neighborhood 
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of the attractor. Ergodic, physical measures are important from their mere definition. However, 
physicality is not invariant by C°-conjugacy: if g is conjugated to / by a homeomorphism h, then 
h*fx is invariant by g but, in general, it is not anymore a physical measure. In particular, physical 
measures are not ergodically defined. 

On the other hand, the entropy of a diffeomorphism / is invariant by conjugacy. Let us recall 
the definition of topological entropy. For two covers O and O' of M, the family of intersections of 
a set from O with a set from O' form a covering O V O' , and similarly for multiple covers. For any 
finite open cover O of M, let H{0) be the logarithm of the smallest number of elements of O that 
cover M. The following limit exists: 

H(o,f)= lim -H(Oy r l oy ••• v r n O). 

n—¥oo n 

The topological entropy h(f) of f is the supremum of H(0,f) over all finite covers O of M. 
Given a measure /i, the entropy of /j, is defined similarly. For a finite partition 0, put: 

H^(OJ)= lim - V - M (£7)log/z(£). 

Eeovf-T-ov-vf-no 

Then the entropy of [i is the supremum of H^(0, f) over all possible finite partitions O of M. 

From the Variational Principle, the topological entropy is the supremum of entropies of invariant 
probabilities: 

h(f) = sup{/i j[i (/) : probability /-invariant}. 

Therefore the topological entropy is also an ergodic invariant, i.e. it is invariant by bi- measurable 
conjugacy. 

A probability /j, has maximal entropy if h(f) = h^(f). In many cases, such a measure exists: 

• If / is a C°°-diffeomorphism of surface, then there exists a maximal entropy measure [New89j. 

• If / is uniformly hyperbolic (Anosov or even Axiom A) then there exists a measure of maximal 
entropy [Par64], [Bow70j. 

• For every C 3 -perturbation of the Henon family with small determinant, there exists a Lebesgue 
positive set of parameters for which the dynamics is non-uniformly hyperbolic and leaves in- 
variant a probability of maximal entropy [YWOlJ, (Cor. 10.1). 

However a measure of maximal entropy needs not exist |Gur69] . 

The uniqueness of the maximal entropy probability is then fundamental: it gives a canonical 
measure of an ergodic system. In many cases, the maximal entropy measure is unique and of 
considerable interest: 

• If / is a transitive Anosov |Par64 , [Bow 70 1, 

• If / is a rational function of the Riemannian sphere |Man83j . [Lju83 , 

• If / is a transitive map of the interval with positive entropy [Hof81], 
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• If / is a polynomial automorphism of C 2 [BLS93J. 

The present work proves that for every C 2 -perturbation of the Henon family with small deter- 
minant, there exists a Lebesgue positive set of parameters for which the dynamics is non-uniformly 
hyperbolic and leaves invariant a unique probability of maximal entropy. This result is stronger 
than the one of Young- Wang with respect to the following aspects: it deals with lower regularity 
and it provides both existence and uniqueness. Moreover it shows the aforementioned properties of 
the measure (equidistribution of periodic points, finitarily Bernoulli, exponentially mixing, central 
limit theorem). 

Aside these motivations, the techniques used to prove this result are mostly geometric, and 
unable us to understand better the geometry and the dynamics of the Henon attractor: existence 
of a Markov partition on a regular set and small Hausdorff dimension of irregular sets are shown. 

We recall that the Henon attractor is the only actual example of non uniformly hyperbolic at- 
tractor for (surface) diffeomorphisms: it is the only known to be abundant for generic families in 
the parameter space. Also Henon like families are local models for homoclinic tangency unfoldings 
|PT93|; and Palis conjecture states these unfoldings typical for surface diffeomorphisms families 
which are not Axiom A |Pal08j . Therefore we hope this work would be basic to set up the thermo- 
dynamical formalism, not only for the Henon family but also for most surface diffeomorphisms. 

This work has been Partially supported by the Balzan Research Project of J. Palis. I am very 
grateful to M. Lyubich for presenting me this problem, and its geometric vision of it. I am very 
thankful to O. Sarig for many explanations on the concept of entropy in symbolic dynamics. I 
would like also to acknowledge M. Benedicks, J. Buzzi, Y. Pesin, S. Senti, J. -P. Thouvenot and M. 
Viana for helpful discussions. 



1 Structure of the proof 
1.1 Invariant splitting 

Any strongly regular map / has a maximal invariant compact set A that we will split into three 
invariant subsets: 

• the union of a fixed point A' with the intersection A n VF S (^4), where W^ s (^4) is the stable 
manifold of another fixed point A, 

• the set of eventually infinitely regular points, 

• the set of infinitely irregular points. 

These invariant subsets are defined thanks to a family of partitions in the family of all the pieces 
being indexed by a countable alphabet 21. 

Eventually infinitely regular points lie in the preimage of a set 7Z. In Corollary 



3.5 



we will see 



that 1Z is homeomorphic to a product R x [0, 1], such that {a} x [0, 1] corresponds to a "long stable 
manifold" for every a£R. The set R will be defined as a subset of 2l N . The set 2l N is canonically 
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endowed with the shift dynamics. The points of R which return infinitely many times in R, by the 
shift map of 2l N , form a subset R C R: 

R ■= {(«i)i>o : (a i+N )i> e R, for infinitely many N > 0} 

It follows from the definition that the points of R come back infinitely many times in R. 

The set of infinitely regular points TZ C TZ is the subset corresponding to R x [0, 1]. Let £q C TZ 
be the subset corresponding to (R\ R) x [0, 1]. 



In Proposition 3.11 we will see that if the support of an invariant probability is off {A, A'} U 
Un>o/~™(7^)) then it is included in a disjoint hyperbolic compact set Ku- 

The points of Ku U Un>o/ _n (^o) are called infinitely irregular. The points U n >of~ n (TZ) are 
called eventually infinitely regular points. 

We remark that every /-invariant probability v has its support included in: 

{A, A'} U |J f- n (R) U K U U |J r n (£o) 

n>0 n>0 

Note that {^4, ^4'} and Ku are /-invariant by definition, and as every point of TZ returns to 1Z, 
the set U n >of~ n (1Z) is /-invariant. Thus an ergodic probability has its support included in {^4, A'}, 
U n > f- n (lZ), K u or in Un>o/" n (^o)- 

By Poincare recurrence theorem, a probability with support in U ra >o/ _n (<?o) must have its sup- 
port in £ with £ := njv>oU n > N f n {£o) ■ A similar fact holds for TZ, and so any /-invariant probability 
v satisfies: 

Supp v c {A, A'} U P| [j f n (TZ) U Ku U £■ 

N>0n>N 

The ergodic properties of each of these sets will imply the ergodic property of the Henon map. 
1.2 Ergodic property of the splitting component 

The main ergodic property in which we are interested is the entropy. We can study it componentwise 
with respect to the above splitting. 

1 The pair {^4, A'} consists of two fixed points, the dynamics induced on it has zero entropy. 



2 In Proposition 5.5, we will see that the invariant set Ku is either empty or the dynamics 



restricted to it has a very small entropy. 



3 In Proposition 5.8 we will see that every ergodic measure v supported in £ has small entropy. 
This is a consequence of the following arguments. In Proposition |5.7[ we prove that the support of 
v has Hausdorff dimension small. By Young entropy formula [You82j, since the differential of / is 
bounded, it comes that the entropy of v is small. 

Further informations about £ are given: its stable and unstable Hausdorff dimensions are shown 



to be small in Proposition 5.1 and Corollary |5. 10 
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4 Consequently, the set CiN>o^n>N f n (TZ) contains the invariant probabilities with large entropy. 
The set TZ enjoys of a Markov partition (7Z g , n g ) g ^. This means that for every g 6 33: 

(a) lZ g is an union of long stable manifolds in TZ. More precisely, there exists R g C R such that 
lZ g corresponds to the set R g x [0, 1] and for any points x, y in a same leaf: 

d(f n (x)J n (y))<b n / 2 , Vn>0. 

(b) f Us (TZ g ) is included in TZ. 

(c) For every g' E <B such that f ng {TZ g ) fMZ g > / 0, then f n9 {TZ g ) intersects every leaf of TZ g >. 

These Markovian properties are shown in Proposition |4,4[ The dynamics induced by the symbolic 
space is: 

F : x£l?4 P s (x), if x E 

Unfortunately, a point x 6 7£ 5 might come back to TZ before n 9 -iterations, for g £ *B. In other 
words, the map F is not the first return map of / in R. However, in Proposition 6.1 we show that 
it is the case for the set TZ := D n >oF n (TZ): 

(d) For every g £ *B, every x £ 7Z g n TZ, the first return time of x in 7?. is n g . 

The latter property is new: it does not appear in the previous theoretical models ( [You98| . [PSZlOj ). 
It is fundamental in this proof. 

We recall that the measures with support in £ U Kq U {^4, A'} have small entropy. Consequently, 
the "interesting" measures are supported by riAr>o U n >jy f n (TZ)- In Proposition 4.3, we show that 
they are actually supported by 0(TZ) := U n >of n (TZ). 

(e) For every ergodic invariant probability fi, the sets 0{7Z) and ri7v>o U„>at f n (7Z) are equal s 
/i-almost everywhere. The probabilities with support off 0(1Z) have low entropy. 

Properties (a) -(b) -(c) -(d) are useful to prove in Proposition |4.8| that: 

(f) The dynamics on OiJZ) is conjugated to a countable Markov shift (a, Qq) modulo a subset of 
entropy zero, via a conjugacy h whose inverse is Holder: 

o(iz) A n G 

f l la 

o(tz) A n G 

By countable Markov shift, we mean that G is a graph with countably many vertexes V and 
(oriented) arrows n C V 2 . The set consists of the words (gi)i such that (<?j,<7j+i) is in n for 
every i. In Proposition 4.9 we show: 

(g) The graph G is connected and the shift a mixing. 

By conjugacy, the entropy of f\0(7Z) and (cr, Uq) are equal. Also up to a periodic point, a and 
f\0(7Z) share the same ergodic properties. 

Other geometrical properties on TZ such as the existence of long unstable manifolds, a local 



product structure and the regularity of these structures will be studied in ^5.2 and 6.4 
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1.3 Ergodic consequences 

We can bound the (topological) entropy of the maps / in which we are interested. 

Indeed, / is C 2 -close to the Chebichev map /_2 : x i— > x 2 — 2, since for a = —2 and B = 0, the 
dynamics of /-2,o leaves invariant the line R x {0} and its restriction is /_2- The Chebichev map 
has entropy log 2 since it is semi-conjugated to the doubling angle map of the circle. Furthermore, 
the maximal invariant of the complement of a small neighborhood of the critical point by /_2 
is a uniformly hyperbolic compact set with topological entropy close to log 2. Thus by hyperbolic 
continuation, / preserves a hyperbolic compact set of entropy close to log 2 (when a ~ — 2 and 
B ~ 0). This shows: 

Lemma 1.1. The entropy of f is greater than log 2 — e, for e small when a is close to —2 and b is 
small. 

Let us mention that in the case of the actual Henon map (polynomial map of degree 2), it holds 
|FM89| : 

Q<Mg)<limsup l0g|Per " (g)l <log2 

n n 

As the entropy of any probability supported by the complement of 0(TZ) is small, by linearity 
of the entropy function, given an /-invariant probability v with entropy close to the one of /, the 
entropy of the induced probability u\0(TZ) is strictly higher if u(0(TZ)) < 1. 

This implies that existence (and uniqueness) of the maximal entropy measure for / holds if and 
only if existence (and uniqueness) of the maximal measure for the restriction f\0(TZ) holds. 

As f\0(1Z) is conjugated to (a, tig) off the stable manifold of a fixed point, it comes that: 

Claim 1.2. Existence (and uniqueness) of the maximal entropy measure of f and a are equivalent 
properties. 

A first way to have both existence and uniqueness of the maximal entropy measure is to work with 
a stronger hypothesis: assume that / is of class C°°. We recall that Newhouse Theorem |New89j 
implies the existence of a maximal entropy measure for any smooth surface diffeomorphism. Then 
the following result gives the uniqueness of vq: 

Theorem 1.3 (Gorevitch |Gur70j ). Let G = (V, II) be a connected, countable oriented graph. Let 
M(a) be the set of a -invariant Borel probabilities of Ha- 
lf h(a) = sup^gWg.) h v is finite and if there exists fio such that h^ = h(a), then fiQ is unique 
with this property. 

Another way to proceed, without loss of generality by assuming smoothness, is to prove that the 
shift is strongly positive recurrent. 

Let us define this concept for mixing shifts. For a certain symbol e G V, let Z n be the number 
of loops from e in the graph G and let Z* be the number of loops from e in the graph G passing 
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by e only at the begin and the end. Note that < Z n . Let R < R* be the respective radius of 
convergence of the following series: 



The shift is strongly positive recurrent if R < R*. From this follows a lot of properties as explained 
below. 

As, in our case, the entropy ht op = h(a) of the shift is finite, by |Gur69| . the radius R is at most 
e -h top anc j so j s a t m0 gt close to 1/2. One the other hand, we will show in Proposition 



4.10 



that 



the convergence radius R* is at least close to one. Therefore, the R < R* (actually 2R < R*) and 
the shift is indeed strongly positive recurrent. 

We can summary the classical properties of strongly positive recurrent shift aa[^] 

Theorem 1.4 (Cyr-Sarig, Thm. 1.1-2.1 [CS09]). Let Clc be a topologically mixing countable Markov 
chain which is strongly positive recurrent and with finite topological entropy. Then there exists a 
unique maximal entropy probability; this measure satisfies the central limit theorem and is exponen- 
tially mixing. 



As the conjugacy h" 1 is shown to be Holder continuous in £6.4, this achieves the proof of the 
main theorem but the properties of finitarily Bernoulli and of equidistribution on the periodic 
points. 

The shift being strongly positive recurrent, we can give an explicit expression of its maximal 
entropy measure. Let M = (m^), ,- e y be the transition matrix associated to G: mij = 1 if 
[i,j] G II and otherwise. By Theorem D of |VJ67| . the matrix M has e htop as a maximal 
eigenvalue. Moreover, up to a scalar multiplication, there exist a unique eigenvector (aj)j g y and a 
unique eigencovector associated to this eigenvalue, with nonnegative coordinates, satisfying: 

i&V 

Then the maximal entropy measure corresponds to the Markov chain on V with invariant measure 
{iTi)i<=.v with 7Tj := Oifii and probability of going from state i £ V to state j E V in one step is 
equal to pij := e~ htop Mij(3j/(3i. 

Therefore the probability to be in the state e € V and to go back to e only at the n th step is 
This probability decreases exponentially fast with n, by strong positive recurrence. 
A mixing shift enjoys of the latter property (called exponentially decaying return time) iff it is 
finitarily Bernoulli [Rud82 . 

Let us prove the equidistribution of periodic points. First we will show in Proposition |7.1| that 
the number of fixed points by f p with orbit which does not intersect TZ is less than pe v ^^~^ + (M + 
\)2 p K M+1 \ for a certain large integer M. Such a number is negligeable with respect to the number 
of fixed points of f p : 

limsup - log card Fix(f p ) > limsup - \ogZ v = htop- 
p P 



1 It is stated there for one-sided shifts, however well known tricks generalize this result to 2-sided shifts. 
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Thus the average sum of the Dirac measures over the periodic points is equal to the one over 
the periodic points which lie in the orbit of 1Z. As the orbit of 1Z is conjugated to the Markov shift 
everywhere but on the stable set of a 2-periodic point, there is a bijection between their periodic 
points (except one). A consequence of the two latter facts is that the following converges weakly 
to 0: 



Card Fix f p ^ Card Fixer? 

J xGFixfP a&FixaP 



p — > OO. 



As the Markovian shift is positive strongly recurrent, we can apply the following classical theorem: 

Theorem 1.5 (Thm D, fVJ67]). If a is Mixing, Markov, strongly positive recurrent, then the 
following converges weekly to the maximal entropy measure, as p —> oo: 

Card Fix aP ^ - 

aGFix crP 

Moreover, ^log(Card Fixa p ) converges to the topological entropy of a. 

It implies that the maximal entropy measure of / is equidistributed on the periodic points. 



. Proof of the analytical 
ingredients 



5. Geometrical and dynamical properties 
of the Henon attractor 
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2. Strongly regular 
dynamics 




3. Regular and irregular 
sets 




4. Semi-conjugacy of regular 
points with a Markov shift 


— ► 






7. Periodic points with orbit 
which does not intersect R 



6. Properties of the semi-conjugacy 



Figure 1: Interdependences of the sections. 
At the end, an index gives the specific notations and definitions. 

1.4 Open questions 

Let us list a few questions which sounds reasonable to study after this work: 

Question 1.6. Does every strongly regular map enjoy of a unique equilibrium state for potentials 
of the form s ■ log | detTf\ W u I ? 

In this work, we answer positively to this question for s = 0. A way to answer to this question 
would be to generalize [CS09] to two-sided shift. 

Question 1.7. What is the Hausdorff dimension of the Henon attractor? 
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It is easy to show that the Lebesgue measure of the attractor is zero. We except that the 
dimension should close to 1 for b small. From this work, it remains only to study the set of 
infinitely irregular points in the attractor. 

Question 1.8. In the full Henon family of small Jacobean, does each parameter support a finite 
number of maximal entropy probabilities? 

Perhaps it is possible to combine the presented work with |Sarj and [Hof81j . to answer to this 
question. 

2 Strongly regular dynamics 

In this section, we recall the definition of strongly regular dynamics and several ingredients useful 
for the aforementioned properties. For more details the reader is invited to read the first part of 
|Berll| . 

2.1 Geometric model 

When B is 0, the map f a< B equals f a fi : (x, y) h-» (x 2 + a + y, 0). The plane is sent by f a ,Q into the 
line M x {0} and the restriction of / 0) o to this line is the quadratic map f a : x \— > x 2 + a. For a 
greater but close to —2, the quadratic map f a has two fixed points — 1 ~ Aq < A' ~ 2 which are 
hyperbolic. Their respective hyperbolic continuations for B small are the fixed points A and A' of 
fa,B- 

We denote by b an upper-bound of the C 2 -norm of B and of the determinant of Tf ai B- We put 
9 := 1/| log b\ and c = log 2/2. 

All the points of [— A' , A' ] are sent by an iterate of f a either in A' or in [Aq, —Aq]. Therefore 
all the points of the plane, which do not escape to infinity, are sent by an iterate of the dynamics 
fa,B either in the stable manifold of A' or into the compact domain Y e bounded by: 

• Two segments d s Y e of the / a> s-stable manifold of A, given by the C 2 -persistence of the two 
segments {(x,y); f a {x) + y = Aq, \y\ < 28} of the / Oj o-stable manifold of Aq x {0}. The set 
d s Y e is formed by two connected curves with end points in d u Y e . 

The set Y e is diffeomorphic to the filled square [0, l] 2 , the boundary of Y e is d u Y e U d s Y e . 

We denote by U the 36>-neighborhood of [a, / a (a)] x {0}. The orbit of U is included in U. 

We denote by M the minimal iterate such that f~f (a) belongs to LAch — A)]; M is large since 
a > — 2 is close to —2. In the strongly regular definition, f*f (a) will be supposed to do not be to 
close (in function of M) of {Aq, —Aq}. 

Then for b small (in function of M large), the box Y e is the union of boxes (Y s ) s£ <y and In- 

By box, we mean that for every symbol a G 2)oU{e,D}, there exists a C 2 -diffeomorphism 
y° : [0, l] 2 -> Y a such that: 
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• y° sends affinely [0,1] x {t} onto a segment of K x {46*(t — 2)}, for every t G [0,1]. In 
particular, d u Y a := y°([0, 1] x {0,1}) consists of two segments of the lines {y = 29} and 
{y = —29} respectively. 

• d s Y a := y°({0, 1} x (0, 1)) consists of two curves y/b—C 2 -close to arc of parabolas {f a (x) + y = 
est}, where the constants est are the same iff a = □. 




Figure 2: Geometric model for some parameters of the Henon map. 

The set 2)o U {e, □} is formed by finitely many symbols a to which is associated not only a box 
Y a and a diffeomorphism but also an integer n a . Put n e = and ran = M + 1. 
It satisfies the following conditions: 

Go is a neighborhood of 0. 

G\ For every symbol s G 2)o> the set /j? r(^s) stretches across Y e : this means that Y s is sent into 
Y e by and both components of <9 S Y S are sent into exactly two components of d s Y e . The 
first return time of every x G Y s in Y e is n s . 

G2 The boxes {Yjsgfgjj jg} have disjoint interiors and Y e = U s( z<ij Y s U Y\j- 

G3 The box Yu is sent into Y e by Z*^ 1 and both components of d s Yu are sent into only one 
component of d s Y e . Moreover M + 1 is the first return time into Y e of points in Yq. 

Also the following analytical properties hold, with x the cone field on M. 2 centered at (0, 1) with 
angle 9 := 1/| log &| : 

G4 For every s G 2)o> every 2 G Y s and every ra G x( z ) satisfy, with c := log 2/2: 

{Tf Ua (u) belongs to xi z )> 
\\t-j:: b {u)\\ > e kc \\T z r a ^ k { U )i < na . 
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Gj The function s £ 2)o ^ n s G [2, M] is 2 to 1. Let s+, s 



£ 2)o be the two symbols such that 



n s± = 2. We suppose that Y s _ contains the fixed point A. 

The existence of such a model and a more detailed description is given in Proposition 1.7 [Berllj 
(Hypothesis GV is there given separately in §12.1). Actually, for every M large and then B C 2 -small, 
such a model exists. We recall that when M is large, the parameter a is close to —2. 



2.2 Flat and stretched curves settings 

Let x be the cone field on U centered at (1,0) and with radius (in radiant) less than 9. 
A flat curve S is a C 1+Ltp curve satisfying: 

• S is included in Y e n K x [-0, 9], 

• the tangent space of S belongs to x, 

• There exists an interval Is of [0, 1] such that S is the image by y® of the graph of a function 
p G C 1+Lip (Is, [0, 1]) whose derivative has Lipschitz constant less than 9. 

Note that the end points of S belong to d s Y e . 

A flat stretched curve is a flat curve such that Is is equal to [0, 1]. 
We endow the set of flat stretched curves with the distance: 



where S = y®(graph(p)) and S' = y®(graph(p')). The space of flat stretched curves is complete. 
2.3 Puzzle pieces 

The puzzle pieces are always associated to a flat, stretched curve S. 
Definition 2.2. A (hyperbolic) puzzle piece a of S is the data of: 

• an integer n a called the order of a puzzle piece of a, 

• a segment S a of S sent by f na to a flat stretched curve S a . 
such that the following conditions hold: 



Remark 2.1. By G4 and G, 

than e~ Mc+ . 



'q, for every sGYg, the distance from Y s to the line {0} x 1 is greater 



d(S, S') 



xe[o,i] 



max \\p(x) - p'(x)\\ + \\dp(x) - dp'(x)\\ 
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h-times For every z G S a , w G T z S a and every I < n a : \\T z f n «(w)\\ > ef^ -1 ' • ||T/ Z (w)||. 

In [Berll| Expl. 2.2, we show: 

Example 2.3 (Simple pieces). For any flat stretched curve S, each pair s(S) := [Y s n 5, n s }, for 
s G 2)o or e(5) := {<S, 0} is a puzzle piece. On the other hand, {S n is not a puzzle piece. 

The pieces {s(S')} sg 2] are called simple. When no ambiguity is possible, we may write s instead 
of s(S). 

The following result is fundamental although elementary: 

Proposition 2.4. As the differential of f is bounded on U, for every n > 0, the number of puzzle 
pieces of a flat stretched curve S of order less than n is finite. 

Moreover two different puzzle pieces f3, f3' of a same flat stretched curve S are such that the 
segments Sp, Sp* are either nested or with disjoint interiors. 

For s G 2}o> let D(s) be the set of all flat stretched curves. From the above example, the following 
graph transform is well defined: 

s : S G D(s) ^ S s := f ns (S s ) G D(s) 

Proposition 2.5 (Prop 14.9 [BerllJ). The map s is b^ -contracting for the metric of flat stretched 
curves, for every s G Co- 
operation * on puzzle pieces Let a := {S a ,n a } and (3 = {Sp,np} be two puzzle pieces of S 
and S a := f na (S a ) respectively. We define the puzzle piece of S: 

a*P:={f- n «{S1)C\S a ,n a + np}. 

2.4 Puzzle pseudo-group 

We are going to generalize the following structure. 

Let Tq :={■■■ Si ■■■ so ■ {sj)j G 2)o } be the set of presequences in the alphabet Co- 
Claim 2.6 ([Berll], Claim 2.10.). There exists a family of flat stretched curves So = (5*)t g r 
such that for every t G Tq, the curve S 1 * is endowed with the simple puzzle pieces 2)o(0 ~ Co and 
satisfies: 

• for all t G To and s G 2)o; the curve corresponding to the concatenation t ■ s G To satisfies: 

s t-s = fn s ^ = . ( S ty_ 

A puzzle pseudo-group is the data of a family £ = (S t )t^T of flat stretched curves 5* endowed 
with hyperbolic puzzle pieces y(t) satisfying the following properties with y := |JieT>^(*) : 

• there exists a bijection (t, a) G y h- > t ■ a G T such that the curves S 1 *'" and (S*) Q are equal, 

• for all t G T, a, f3 G y(t), the segments and have disjoint interiors in S f . 

Example 2.7 (Simple puzzle pseudo-group). The pair (Eo^o = UteTb, seSbK'S'*)) i s a P uzz le 
pseudo-group called simple. 
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2.5 Common sequence of puzzle pieces 

Let tt := ■ ■ ■ S- ■ ■ ■ S- and let S tt be the flat stretched curve equal to the half local unstable manifold 
of A. With [x] the integer part of x, let us denote: 



N := i S N i-> 



log A/ 
6c+ 



if % = 0, 
[g^r(i + M)] otherwise. 

Definition 2.8. For iV £ [l 3 oo], a common sequence of pieces is a sequence (ai)^ =1 of hyperbolic 
puzzle pieces which satisfies the following properties: 

1. at is a puzzle piece of S* and, for N > i > 1, aj is a puzzle piece of the flat curve (iS 1 *) 011 *'"* 04 - 1 , 

2. each piece is either simple or has its segment in 

3. the following inequality holds for every N > j > 0: 

Kj: n a; >A/+l Z=l 

4. if a n+ i, a n+ 2, ■ ■■ and a n+ k are equal to s_ then k < N(n); if a n+ \ = s + and a n+ 2 = a ra +3 = 
• • • = a n+ fc+i are equal to s_ then k < N(n). 

The composition "A"* =1 ay := «i * «2 * • • ■ ati-i * ctj is called a common product of depth i and 
defines a pair Cj =: {Sf.,n Ci } called a common piece. 

A common piece of depth is the pair equal to cq := e = {S*, 0}. 

An immediate consequence of the third statement of the common piece definition is: 

Proposition 2.9. Every common product of depth i has an order less than Mi. 

The following Proposition associates to a common product c, of depth i a common box Y & . ■ Put 
e = l/ s/~M and c~ := c — e. 

Proposition 2.10 ([BerllJ, Prop. 3.6). Let (ctj)j be a sequence of hyperbolic puzzle pieces which 
satisfies common sequence conditions 1-2-3. Then for every i, the piece c$ := ^^ =l aj is well defined 
and satisfies the following properties: 

• Both end points of 5* enjoy of two stable manifolds d s Y c . which link jy = —20} to \y = 20} 
and which are y/b-C 2 -close to a segment of a curve of the form {f a {x) + y = est}. 

• The two components of d s Y c . are linked by two segments d u Y c . of {y = —20} and {y = 20} 
respectively. 

• The box Y c . bounded by d s Y c _ U d u Y c , is diffeomorphic to a square [0, l] 2 . 

• For every x € Y g ., every u £ x( x ) : 

( e c ~ n °i < \\T x f n °i(u)\\ < e c+nc «, 
| e~ cMk <\\T x f k (u)\\, Vk<n Ci 
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The latter we will be generalized (and proved) in Proposition 3.3 and Lemma 3.9 below. 
Note that given a common sequence of pieces c = (atj)'jL 1 , the sequence of compact subsets 
is decreasing and its limit W£ := C\i>{Y c . is called a common stable manifold and satisfies:. 

Claim 2.11 ( [Berllj . Claim 3.7). Every common stable manifold is a local stable manifold 
which is {^fb)-C l+Lip -close to a segment of a curve of the form {f a {x) + y = est} with end points 
in {y = -29} U {y = 29}. 

2.6 Parabolic operations 

Let us explain how to construct puzzle pieces on the subset Sb = S n Yq for a flat stretched curve 
S. 

Let S° be the curve / +1 (Sb). As / is 6-C 2 -close to f a ,o which have a constant second derivative, 
the map f M+l is e 3 ( M+1 ) c+ 6-C 2 -close to /^o"*" 1 - As b is supposed small w.r.t. M, the curve S n 
is \fb — C 2 -close to a quadratic curve [A, f M+1 (0)] ■ [f M+1 (0), A] which goes straight from A to 
/ M+1 (0) and returns straight to A. 

Let us suppose that S n is tangent to W£, with c = (««)« a common sequence of pieces. By Claim 
the curve S n is tangent to W£ at a unique point. 
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The fourth condition of common sequence's definition bounds from below the distance between 
the tangency point and the curves of d s Yc. with Cj := ^l =1 ai. 



By Proposition 2.10, both curves of d s Y c . are Vb-C 1+Lip -close to an arc of parabola {f a (x) +y = 
est}. As S D is C 2 -close to the curve [A,f M+1 (0)] ■ [f M+1 (0),A], we deduce that S° intersects 
cl(Y c . \ Y c ) at zero or two curves, for every j > 0. 

If this intersection is formed by two curves, let Sq_( Cj _ c . +1 -) and Sq + ( c ._ c . +1 } be the backward 
images of these curves by f M+1 \Sn, such that Sb_( C;) ._ c . +1 ) is at the left of S^ + ^_ Cj+l y 

Let A be one of the two symbols □±(c J - — Cj+i). 

We denote by A (5) the pair n&}, with ha := M + 1 + n Cj . We call this pair a parabolic 
piece (of depth j associated to S and c). 

The pair A(5) is not a puzzle piece since / nA (5A) does not stretch across Y e . 

But for instance if there exists a flat stretched curve which contains /™ a (»S'a) and there 
exists a puzzle piece a of 5 A such that is included in /™ a (5'a), then the pair A(S) * a := 
{f~ l {Sa) H S'a^a + n a } is a "topological" puzzle piece of S (a little extra hypotheses is needed 
to satisfy /i-times property). 

Note that we extended the ^-product to this situation. 

Actually, the construction of {Sa^a} does not need (ctk)k>j+2 to be defined, and so we can 
formalize this operation by a map which is defined on a much wider set. 

Definition 2.12. Let c := (pti)i be a common sequence of puzzle pieces. Let A be a symbol of the 
form Os(cj — Cj + \), 5 £ {±}- Let D(A) be the set of the flat stretched curves S such that: 

1. S a intersects the interior of exactly one of the following boxes: 

Y or Y K(i+i) 

Ci + l**-,/ 'S- C i + 1 *:S + *-k 1 'S- 
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2. S n intersects Y c . \ Y c .^ . 

The second condition is actually either always or never satisfied for the curves which satisfy the 
first one. Note that D(A) might be empty. 

For S E D(A), let Sa be the closure of the component of Sb n f^ M ^ 1 (Yc i \ Yc ) at the left 
(resp. right) if 5 = — (resp. 5 = +). We can now define: 

A : S G D(A) !->• {5a, n A }, with n A := M + 1 + n Cj . 

In Propositions 4.8 and 5.1 of [Berllj . we defined an algorithm to construct for every S G D(A) 
a flat stretched curve containing S nA and which enjoys of the following properties. 

Proposition 2.13. The map A : S E D(A) i-)- 5 A is suc/i t/iai for every S G -D(A); 

• 5 A is a flat stretched curve and S A contains f nA (S^.). 

• The curve S A is b nA / 4 -close to (S 1 *)^. 

• The map A is b 4 -contracting for the metric of flat stretched curves. 



2.7 Symbolic formalism 

Let be a puzzle pseudo-group. Let CSjiy) be the set of common sequences of puzzle pieces 

in y of depth j > 0. This set is finite for every j by Proposition 2.4 This implies that the set: 

21 := 2) U {DtfCcj - c m ) : c G C^+i^), i > 0, 6 G {±}} 

is a countable set of symbols. 
Given a chain a = a\---a n G 2l n , we can define: 

• D(a) := D(ai) D a 1 - 1 (D(a 2 )) H • • • D (a n _i o • • ■ o ai)- 1 (D(a n )). 

• a : <S G -D(a) i— )• S- := a n o a n _i o • • • o ai(S). 

• a: 5 G D(a) ^ (5a,na) := ai(5)*a 2 (5 ai )*---*a n (S ai - a "- 1 ). 

A suitable chain (of symbols) is a chain a = a% ■ ■ ■ a n G 2l n from a flat stretched curve S is such 
that S belongs to D(a) and Sg, has cardinality greater than 1. 

The chain of symbols a = a± ■ ■ ■ a n is complete if a n belongs to 2Jo and incomplete otherwise. 

The chain a is prime if n > 1 and for every k < n, the chain ai • • • is incomplete. In other 
words, the symbol is not simple for every k < n. 

For a G 2t n and t € To, we denote by t ■ a, the presequence of 2l z finishing by a and with the 
— i'^-coordinate of t as — (n + i) tft- coordinate. 
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2.8 Puzzle algebra and strong regularity 

A puzzle algebra (E, y, E n , C) is the data of a puzzle pseudo-group (E = (S l )t£_T, y) equipped with 
a family of flat stretched curves TP = (S' i ) tgr n and with a family of common sequences of puzzle 
pieces C = {c(t) = (ai(t))i; t G T U T n } such that the following conditions hold: 

(SRo) E is the family of the curves of the form (S t )- among t ■ a such that t is in To and a is a 
complete, suitable chains of symbols in 21 from S*. 

(SRi) S tn is tangent to W° {t) for every t G T U T n , 

(SR2) E n is the family of the curves of the form (S 1 *)- among t • a such that t is in To and a is a 
incomplete, suitable chains of symbols in 21 from 5*. 

(SR3) The puzzle pieces set y(t) consists of all the pairs of the form a(S l ) with a a prime, complete, 
suitable chain of symbols in 21 from S , for every t G T. 

(SR4) For every i G T U T n , each puzzle piece of c(t) = G C belongs to y. 

We say that / is strongly regular if there exists such a puzzle algebra (S,3^, E n , C). 
For a G 3^(i)> the chain of symbols a such that a = a(S l ) is called the 2l-spelling of a. 
The main result of [Berllj (Theorem 0.1) is the following: 

Theorem 2.14. Every strongly regular map leaves invariant the SRB measure a non uniformly 
hyperbolic attractor. Moreover, strongly regular maps are abundant in the following meaning: 

For every r\, there exists b > 0, such that for every B of C 2 norm less than b, there exists a 
subset of Pb of [—2, —2 + rj\ such that for every a G Pb, the map f a> B is strongly regular and 
LebP B > 77(1 - e). 

Remark 2.15. To fix the idea, we will suppose (in particular) the following very rough inequalities: 
M > 1000 and - log b < exp expM. 

They are sufficient for the new conditions given by this work. 

3 Regular and irregular sets 

For a strongly regular / with structure {E = (S^teT, y, E n = (S'*) tgT n,C = (c(t))t}, we are going 
to encode the dynamics thanks to a family of partitions iP{t))t^TuT n - This encoding will define 
the regular and irregular sets. 

3.1 Partition V{t) associated to t G T U T n . 

Let i £ TU T u and let c = c(t) be its associated common sequence by (SR\). We recall that (Xc )i 
is a nested sequence of filled squares the intersection of which is the curve W£. 
Therefore {Y g% \ 1^. ; i > 0} U {W c s } is a partition of Y e . Put: 

Y D{ci _ Ci+l) = d^f-**- 1 ^ \ Y c _ i+i )) n Y D , Y Uc := r M ~\W s c ) n Y D . 
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These sets have a very tame geometry: 



Proposition 3.1. The boundary of Ci+1 ) is formed by segments of the lines {y = ±26} and 

by arcs of curves Vb-C 2 close to parabolas of the form {f a (x) + y = est}. 
For every z G ^n(c 4 -c i+ i); every n > 0, the following inequality holds: 

(PC£^+ M+1 ) \\T z f k (0,l)\\>e- Mc+k , Vfc < n n±(Ci _ Ci+l) : =M + l + n Ci . 

Moreover T z f nc i +AI+1 (0,1) makes an angle less than 6 with (1,0) and 

(C£ nc i +M+1 ) ||T 2 / nc ! +M+1 (0 1)|| > e c ~( nc i+ M + 1 ) 



Proof. Inequalities (VC£ n ^ +M+1 ) and (C£ n ^ +M+1 ) are given by Proposition 14.2 of [BerJJ]. The 



geometry of Yq( c ._ c . ^ follows from Lemma 13.5 of [Berllj . as Proposition 3.6 of jBerllj or as 



Proposition 3.3 will. □ 



In figure [3j we draw all the possible topological shapes for in( Cj _ Cj+1 ). From this, we remark 
that ^n( Ci _ Ci+1 ) has one, two or three components. There is at most one component disjoint from 
£**. If such a component exists, we call it Yj b ^ Ci _ Ci+1 y There are one or two components which 
intersect £*. If there are two components which intersect S 1 ", then there is one component at the 
left of the other. We call this component ^n_( Ci - Ci+1 )- The component at the right of the other is 
called Yu + (ci-c i+1 )- If there is only one component which intersects Sr, we call it Yu a ( c ._ c . +1 y In 
this case, we shall split ^□ a ( Cl _ Q+1 ) into two components Yn±(c t -c t+1 )- 

Let A be the vertical line passing through the top of the arc of parabola which bounds from 
below 5^] a (c i -c j+ i)- The line A splits the set Yu a (ci-c i+1 ) into two components. The one at the left 
(resp. right) of the other is denoted by F n _( c ._ Ci+1 ) (resp. Y u+ ^_ Ci+l) ). We add A n in a(Ci _ Ci+l) 
to in_(c i -c j+ i)' Figure |4] depicts this splitting. 

We remark that V(t) := {Y s ; s £ 2) } U {Yn s ( Ci -c i+1 y, i > 0, 5 G {+, -, b}} U Y 0c is a partition 
of Y e modulo W S (A). This means that V(t) is a covering of Y e and every pair of different elements 
of V(t) have their intersection in W S (A). 

The partition V(t) is associated to the element tgTU T n , since c := c(t) depends on t. 

Let ^P(f) := 2)o U {\3s(ci — Q+i) : i£N, 5 £ {±,b}} U {Dc} be the set of symbols associated. 
The set *P(t) is countable. If a G 2)o> w e already defined an integer n a . 

Put ren 5 (ci-c i+ i) = M + 1 + n Ci for i G N and 5 G {+, — , b}. Put nn c = oo. 

We remark that ty(t) D {a G 21 : S 1 * G -D(a)}. 

3.2 Regular points 

Given a suitable sequence of symbols g = (aj)™ =1 G 2l n from the curve S 1 *, the symbol a^+i belongs 
to ?p(t ■ a\ ■ ■ -aj) for every i G [0, n). This leads us to consider the set of points z £ Y e such 
that /" a i'"" a i (z) belongs to 5^j j+1 for every i < n. Nevertheless this set has in general a very wild 
geometry. It is not the case if the sequence is H-regular, with H := e^~^ . 
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*b a (cj-c i+1 ) ^(cj-q+i) ^b a (q-c i+1 ) ^b 6 (cj-q +1 ) 
\ / \ 



□a(cj-q + i) 






^n 6 (cj-c i+ i) 
^□ a (q-Cj+i) 






^□-(q- q +1 ) ^b+(cj-q + i) ^□_(c i -Cj + i) ^□+(q— c. (+ i) ^□_(c l -c l+ i) ^□+(c i -c i+ i) 




pit 



Figure 3: Possible shapes for in( Ci _ Ci+1 ). 



Definition 3.2. For every £ > 0, a sequence of symbols g = (eij)" =1 G 2l n is ^-regular if g is suitable 
from 5* and the following inequality holds for every i < n: 



(#) 



l<j<i 



We notice that a common sequence is E 1 -regular. Also for % = 1, the above equation gives 
n ai < -W and so ai is simple, in other words a\ G 2)o- 

Proposition 3.3. For every "^-regular sequence g = a\ - ■ ■ a n , the set 

Y g := {z e Y e : f n ^{z) G F ai+1 , Vz < n} 
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Figure 4: Partition of Yq. 

is a box which satisfies the following properties: 

• d s Y g is formed by two segments of the stable manifold of A; both link jy = —20} to {y = 20} 
and are Vb-C 2 -close to an arc of a curve of the form {f a {x) + y = est}. 

• Both components of d s Y g of are linked by two segments d u Y g of {y = —20} and {y = 20} 
respectively. 

• every horizontal line {y = C}, with \C\ < 20 intersects Y g at a segment of length at most 

e -cn g /3^ 

The proof of this proposition is done in 

Remark 3.4. The same conclusions of Proposition [3^3| remain true if for suitable sequence g =: (a^), 
from S 1 * which satisfy: 

(3.1) n ai <E(M + J2 n aj ), Vi. 

j<i 

As for common sequences, given a H-regular sequence a := (a,)i, we can define W£ := rij>oioi-oi' 
An immediate consequence of the above Proposition is the following: 

Corollary 3.5. The set W£ := Dj>iY ai ... ai is a connected curve with an end point in each of the 
lines {y = ±20} ; and W% is Vb-C 1+Lip -close to a segment of a curve of the form {f a (x) + y = est}. 

We are now ready to encode the dynamics, with respect to these regular sequences. 

For z£Y e \ W S (A), let a(z) := (<h(z)) i<i<p be the maximal H-regular sequence of symbols in 21 
such that z G Y ai ,,, a .r z \, for every i < p £ [0,oo]. Note that if z € Yq, then p = and the sequence 
a(z) is empty. Otherwise p > 1 and ai(z) G 2Jo- 
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This sequence is uniquely denned. Indeed, as z belongs to Y e \ W S (A), by induction on i < p, 
fnoi-ai(z) belongs to Y e \ W S (A). Therefore there exists a unique symbol Oj+i G ^(tt • a\ ■ ■ -a*) 
such that z belongs to Y ai+1 . 

Definition 3.6. Such a point z £ Y e \ W S (A) is p-'E-regular. If p = oo, the point # is 3-regular. 
For £ < H, the point z is ^-regular if p = oo and the sequence a(z) is ^-regular. 

We notice that every point of Y e \ W S (A) is at least O-H-regular. 
We show below the following important Proposition: 

Proposition 3.7. For every p-regular point z £ Y e \ W S (A) such that < p < oo, the symbol 
d 6 • ai • • • Op_i(«)) smc/i i/mi / na i " a p-i (z) belongs to Yd satisfies: 



n d > M + E > n a .. 



i<i<p 



In particular, this implies that d is of the form Dc or n,y(cj — Cj+i), and _/' Tla i'" a j>-iW+ M + 1 ^ ]-, e . 
longs to or 1^ , with n Ci > Sn ai ... ap _ 1 . This proposition is fundamental since then f na i— a P -i +M+1 ^ 
is at least Sn ai ... 0p _ 1 /M-regular. 

This is why, for every p-regular point z, with < p < oo, we complement the sequence (ai(z))i <p 
of z E Y e \ W S (A) by the following inductive way: 

Put a p (z) = □ with nn = M + 1 and then inductively a p+ i(z) := di(z'), for i > 0, with 
z' : = / m ( z ) and m = Y.i< p n a,(z)- 

Definition 3.8. A point z is infinitely irregular if the sequence a(z) takes infinitely many times 
the value □. Otherwise it is called H- eventually regular. More generally, z is ^-eventually regular, 
for £ < S, if z is H-eventually regular and there exists j such that (o,j+i(z))i>i is ^-regular. 



Proof of Proposition 3. 7 Let g := ai(z) • • • a v -\{z) be the sequence associated to the p regular 
point z. We recall that x 1S the cone filed centered at (1,0) with radius 6 = 1/| log 6| . Let us use 
the following Lemma shown in §[8j 

Lemma 3.9. For every 3-regular sequence g = a± - ■ ■ a n , the box Y g satisfies the following property: 

1. For every z G Y g , every u £ x( z ) 

| e fK- fc )||T 2 / fe (n)|| < \\T z f^(u)\\ Vfc < n g , 
\ e -c + (M+i+~k) < ||T 2 / fc (-u)|| Vk < n g . 

2. Every z &Y g belongs to a curve C C Y g , of length less than 1, intersecting every flat stretched 
curve and being 6 k contracted by f k for every k <n g . 

3. The set Y 9 := f n9 (Y g ) is a box such that d u Y 9 := f ng (d u Y g ) is the disjoint union of two flat 
curves and d s Y 9 := f U3 (d s Y g ) is made by two O™ 9 -small segments ofW s (A) passing trough 
the end points of f U9 (S g ). 

Remark 3.10. The second conclusion of this lemma remains true for the words g considered in 
Remark El 
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Thus the point z' := f ng {z) belongs to the ^^-neighborhood of S^' 9 . If z' belongs to an extension 
of the form Ya b (a-ci +1 )i this implies that f M+1 (z') belongs to the component of Y c . \ Y c which 
does not intersect 5*°. From the tangency position, the curve S tta is e _ ^ 2 ^'-* +1 ^ +1+rici + 1 ^ c+ -far from 
this other component. On the other hand, as z' is #™ 9 -close to S tt9 and belongs to the convex 
the point z' is 9 ng -dose to S* 9 . Thus f M+1 (z') is 6> n se c+ ( M+1 )-close to 5*°. Therefore, z' can 
belong to lb b ( Cl - Cl+1 ) only if: 

(3,2) e -fac i+1 +2K(i+l)+l)c+ < d n ge c+(2M+l) 



As (n Ci+1 + 2X{i + 1) + l)c+ < (2c+ + f )n D()(c ._ c . +l) , inequality (3.2) implies: 



-(2c + + -)n Db(Ci _ Ci+l) < n 9 log# + 2c + n Df)(Ci _ Ci+l) . 



As by Remark 2.15 — log#/(4c + + c/3) > S + Af, it comes that n.n 6 ( c ._ c ) is greater than 
(M + E)n g . 

If z' belongs to a box of the form Ya with A = 0±(ci — Cj+i) such that ba < M + Sn 9 and 
A 6 • 5). Let us show that g • A is regular. Actually we need only to prove that g ■ A is 
suitable. We already know that belongs to D(A). Suppose for the sake of contradiction that 
g • A is not suitable from 5* and hence £1 := f ng (Sg) does not intersect the interior of S2 ■= S 1 ^ 9 . 
Then the segment S2 is either at the left or at the right of S2. We recall that f ng (z) belongs to 
the intersection of Y 9 with Ya- As Y 9 is not included in Y& (since Y 9 intersects at a set with 
non empty interior) , Y 9 intersects the boundary of Ya . By the above computation on the distance 
given by the tangency, the intersection cannot happen at <9 u Ya- Thus Y 9 intersects d s Y&. 

If d s Y 9 does not intersect d s Y&, then one of the curve of 9 s Ya stretches vertically across Y 9 , 
and so intersects the interior of Si. This leads to a contraction since this intersection point would 
be an end point of S2. 

If d s Y 9 does intersect d s Y/\, then as both are formed by a slice of W S (A), one component of 
d s Y 9 is included in one component C of d s Y&. This implies that Si and S2 share a same end point. 
By the contradiction hypothesis, both curves of d u Y 9 start from C in the opposite direction to Ya- 
Thus the domain intY 9 , bounded by C and d u Y 9 , cannot intersect Ya- A contradiction. □ 

3.3 Generic points are eventually regular 

We are now ready to split the support of invariant measures. 

Proposition 3.11. For every invariant measure v with support off {A, A'}, v-almost every point 
in Y e is eventually yfR-regular or satisfies ai{z) = □ for all i. 

Proof. We will show below that v almost every point has a Lyapunov exponent positive: 

Lemma 3.12. There is no measure [x with both Lyapunov exponents negative. 

In we will finish this proof by showing that if a point z S Y e \ W s {A) has a positive Lyapunov 
exponent and there is i such that ai(z) 7^ □, then it is eventually "v/S-regular. □ 
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Proof of Lemma 3.1S\ By Lemma 3.9 1, the orbit of the eventually regular set supports only hy- 



perbolic measures. 

Thus a measure /i with both Lyapunov exponents negative must be supported by the orbit of 
the infinitely irregular points set. 

By |KH95| . coro S.5.2, p. 694, the support of \x contains a periodic attractive orbit (pi)j. Therefore 
(pi)i is infinitely irregular. This implies that for an arbitrarily large N, there exists A = □(ctv — 
cn+i) of depth N and i such that pi belongs to 1a- For N large, inequality (C£ nc i +M+1 ) of 



Proposition 3.1 contradicts the attraction of the orbit. □ 



4 Semi-conjugacy of regular points with a Markov shift 
4.1 Symbolic sets 

Let 1Z be the set of H-regular points in Y e \ W S (A). Let R be the set of S-regular infinite sequences. 
We notice that R := {a(z) = (ai(z))i : z 6 1Z}. Let us define several subsets of 

2lW :=u m >i{«)^i e2l m }. 

Let 9\ be the set of finite H-regular sequences: 

9\:={a£ 2t (N) : a is E - regular}. 
The set 9\ is "almost" stable by concatenation: 

Proposition 4.1. Let a, a' £ D\ be such that f n -(Y a ) intersects the interior of Y a i . Then a ■ a! 
belongs to 91. 

Proof. We only need to prove that a - a! is suitable from 5*. We proceed by induction on i with 
a' = a' - ■ ■ a\. Let us suppose that a • a' ■ ■ ■ is suitable from S tt and let a' i+1 G • a' • • • o^) 
be such that ?V +1 — M + En a / y .. a i_. By Proposition 2.13 the curves S it '- a 'o"' a 'i and S it ' a ' a "' a 'i are 

b na 'o " a 'i ^-C 1 close. Thus by definition of the domain D(ai + i), since En ai ... ai+1 + M > n ai+1 and 
since S it '- a 'o"' a ' i must belong to the domain of a parabolic piece of same depth as a^+i, the latter 
curve belongs to -D(a,+i), as S tt ' a 'c"' a ' i does. This argument was generalized and proved in more 
details in Lemma 6.1 of |Berll| . 

If f^(Ya) intersects Y a , Q .. <+i \ W S {A) then "< {Y,. a[r< ) intersects Y <+i \ W S (A). Then 
we proceed as in the proof of Proposition 3.7 to show that / -°o"'°i (S^ a , a ,) intersects the interior 

of ^-"o a i_ Xhis implies that a ■ a' Q ■ ■ ■ a' i+l belongs to R. □ 
Let a denote the shift dynamics of 21 ; we extend it to the finite words set 21^: 

It will be convenient to split the words in R into a concatenation of "minimal" words in D\. This 
is why we introduce the subset 55 formed by words g = g\ ■ ■ ■ gj G 9\ for which there exists 
a = («i)«>i £ R such that: 
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the concatenation g ■ a belongs to R, 
(93 2 ) the 00-word a n (g ■ a) does not belong to R for n G (0, j). 
The following is a simpler and an equivalent definition of 93: 
Proposition 4.2. A word g G 9\ belongs to 93 iff the following conditions hold: 
(*B'i) there exists s G 2Jo stic/i g ■ s is suitable from tt, 
(93 2 ) / or ever U n > 1; ^ n (<7) i s n °t ^-regular. 

Proof. Let g = gi ■ ■ ■ gj £ 21^ be satisfying (93^ ) and (93' 2 ) with s G 2Jo- We remark that the 
suitable sequence g ■ s from 5* is complete. By (SR3) it is the 2l-spelling of a product of puzzle 
pieces in y. Thus S* ft ' 9 ' s is equal to /™ 9 ' s (5'* s ) and so g ■ s ■ s + ■ ■ ■ s + ■ ■ ■ is suitable from Sr. As g 
belongs to 91, it is now clear that this sequence is E-regular: this is (93i). By (B' 2 ), it is effortless 
to see that a 1 (g) ■ a does not belong to R for every i < j: this is (93 2 ). 

Let us show that (93i) and (93 2 ) imply (93^) and (93' 2 ). For 5 = #i • • • gj G 91 and a = (aj)j G i? 
such that g • a belongs to ii, its holds that g ■ a\ is suitable from S*. As regular sequences begin 
with symbols in 2)o> the symbol a\ is in 2Jo- This is 

For n < j, let us suppose that the word <7 n (<7) belongs to 9^. As g • a is suitable from 5*, the 
segment S~n}g-\ 9 ^ v .. a . is non trivial for every i > 1. Thus f n ^ n (a) {Y~ n ^) intersects the interior of 
Y ai ... ai for every i. By Proposition 4.1 the word cr n (g) ■ a\- ■ ■ cij belongs to 91 for every i > 1. This 
is a contradiction with (93 2 ). 

□ 

The set (5 := {e} U Un>o^™(-^) i s fundamental. One can show that (5 consists of the segments 
of the words in 2l( N ) which are suitable from a curve £*, for some i £ T. 
We remark that: 

21 C © D 9i D 53 

are endowed with a pseudo-group structure "•" and their elements act on subspaces of flat stretched 
curves by graph transforms. 

Let R be the subset of words in a G R which come back infinitely many times to R: 

R:={a£ R; VN >0,3n> N,a n (a) G R}. 

Let TZ be the corresponding subset of TZ: 

TZ := {z G TZ : a{z) = (a,i{z))i G R] . 

For every a G R, let N a be the first return time of a in R by the shift map a. We notice that 
ga '■= cl\ ■ ■ ■ djVa belongs to 93. The associated map is: 

F:=ze1Z^ f N{z) G TZ with N(z) := N^ z) . 

Let TZ := r\ n >oF n (7Z). Moreover, by looking at the Lyapunov exponent we will show in §8 
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Proposition 4.3. For every f -invariant probability fj,, the sets U n >o/ n (K) and C\n>o U„>at f n (TZ) 
are equal [i- almost everywhere. 



6.1 



We will see that the restriction of F to 1Z is the first return map of / to 1Z in Proposition 
4.2 Markov partition of 1Z 

We recall that for a = (ctj)j G R, we denote by Na its first return in R by the shift map a and put 
ga '■= «o " " " ojVo-i- We recall that g a belongs to 53. For every g G 55, let: 



We remark that {1Z g ; g G 53} is a partition of 1Z. As a matter of fact, 1Z g is not equal to Y g nlZ, 
for 7?. C U^ o y s and 2Jo is a subset of 03. The aim of this paragraph is to prove: 

Proposition 4.4. The partition (TZ g ') g ^ is Markovian. 

To say that this partition is Markovian means that for every g,g' such that f ng (7Z g ) C\lZ g i 7^ 0, 
for every x' G 1Z g > there exists x G lZ g for which f n9 (W^ x ^) C W*, x ,y 



Proposition 4.4 follows from the following: 



Lemma 4.5. Let g,g' G 53 be such that f ng (7Z g ) intersects TZ g r. For every x' G !Z g i there exists 
leS* such that g ± (x) = g ■ a(x') and f ng (x) G W*, x ,y 

Indeed such a point x is regular by definition and g ■ a(x) belongs to R since a(x) does. 
Moreover, as the stable manifold f n9 (W^ x y) is included in the interior of Y e and the end points 

° f W a(x>) are ™ dUY ^ [t COmeS that f n3 ( W 'a(x)) C W a(x')" 



Proof of Lemma 4-5. Let s G 2Jo be the first letter of g' . As 1^' C Y s , the square f ng (Y g ) intersects 
Y s . From the geometries of Y s and f n9 (Y g ) (see box definition and Lemma 3.9), this implies that 



f ng (Sg) intersects Y s . As belongs to the domain D(s) (as every flat stretched curve), the word 
g ■ s is suitable from 5*. By (SR3), the pair (g ■ s)(S tt ) is a puzzle piece of S ffi . In particular f Ug (5*) 
stretches across l" s . Thus for every x' G 7£ g ' C l" s , there exists x G <S* such that f Ug (x) G W^/n. 

We remark that a(x) = g ■ a(x'). Indeed, as g and a(x') are H-regular and f Tlg {Y g ) n W 7 ^^.,^ 7^ 0, 
so we can apply Proposition |4.1[ □ 



4.3 Markovian model of the 7?.-orbit 

We are going to conjugate the dynamic of U n >o/ n (7?.)-orbit with a Markov countable, mixing shift 
without the stable set of a 2-periodic point. 

Let us recall that a countable shift is defined by a graph G with vertices V and arrows II C V 2 . 
Let Qq be the set of infinite two-sided sequences (v n ) n G V z such that (g n ,g n +i) G II for every n. 
The shift map of is denoted by a. 
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The idea is to use the 93 alphabet to define V. As we want to conjugate / and not F, we should 
use a graph T with the following vertices: 



T:={(g,i): g G 93, < % < n g - l}, 

and arrows: 

U { i(9, 0. to.* + !)] : < * < n 9 ~ 2 } u { [(9, % - 1), (</, o)] : g' e 93, /™ 9 (^ 9 ) n ^ / 0}. 
g e<8 

Unfortunately such a graph does not seem to be strongly positive recurrent. We shall emphasis 
on the fact that there is a "first return" to 71. A first idea would be to replace the vertex (g, 0) by 
e. However it is (in general) not true that for every g,g' G OS there exists a point x G TZ such that 



a(x) starts by the 21 spelling of g ■ g' . Instead, we will notice in corollary 6.6 that for s, s' G 2Jo and 
s ■ g' G 03, the word s' ■ g' belongs to OS as well. This leads us to work with the oriented countable 
graph G formed by the following vertices V and arrows II: 

V := [J {(s,i) < i < n s - 2} U {e} U {(g',i) : < i < n g < - 1} 

g=s-g'& 

n:= |J + : 0<i <n s -3}u{[( S ,n s -2),e]}u{[e,( 5 / ,0)]} 

g=s-g'e ( & 

U{y,i),(g',i + 1)}; 0<i<n g , - 2} U - 1), (s',0)]; s' G 2Jo, f»Wn7 s ^0}. 



Note that there is a canonical map 7 from T to V: for 5 = s' • g' G 53, put: 

7(9,0 = 



(s',i) if i < n s /_ 2 , 
e if i = n s /_i, 

k (g',i - n s >) if % > n s >. 



The map 7 is not a bijection. It is surjective but not injective. 

Lemma 4.6. For any (v,v') G T 2 , the pair [v,v'] is an arrow ofT iff [^(v), ^(v 1 )] is an arrow ofG. 
Proof. It is clear that 7 sends arrows of T to arrows of G. The other direction it given by Corollary 



6.6 which shows that if s ■ g' belongs to 93 then s' ■ g' belongs to 53 for all s, s' G 2Jq. □ 



Therefore, the map 7 induces a canonical semi-conjugacy / between the shift of the space fir C 
T z of paths in T and the shift of the space C V z of paths in G. 

Corollary 4.7. The semi-conjugacy I : fir flG is a bijection and so a conjugacy. 

Proof. Let (^i)igz and (wj)igz £ be sent to a same point by I. Using the semi-conjugacy, we can 
suppose that vq is of the form (g, 0). Observe that Vi = (g, i), for < i < n g . Put g =: s ■ g' with 
s G 2Jo- As 7(i0j) = 7(«i) = (s, for i < n s — 2 and 7(u>j) = 7(^1) = (<?', i — n s ) for i > n s , it comes 
that Wi = Vi for < i < n„. Using again the semi-conjugacy, this implies even that w = v. □ 
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Let A := (eij)j G V z , where a,2i = (s-,0) and a2%+\ = e for every i. This is a 2-periodic fixed 
point which corresponds to the fixed point A endowed with an orientation. 

Let n' G := Q G \ (W S {A) U W s (a(A))), where W S (A) and W s {a(A)) are the stable sets for the 
dynamics a : fie — > of the points A and a (A). 

Let fi' r := n r \ (VF s (s_,0) UVF s (s_,l)). 

We endow with the following distance: 

d(v,v') = 2""^'), !/(«,«') := inf{|fc| : Vfe / 4} 
In the next subsections, we will show the following: 

Proposition 4.8. There exists a bijection i : W G — > 0(TZ), with 0(TZ) := [J n >o f n (TZ), which is 
Holder continuous and such that the following diagram commutes: 

a a f 

Y Y I 

n' T — U n' G — i*. e>(£) 

and is suc/i that for g G 53 and x G TZnTZg, the ^-coordinate of I^ 1 oT^x) is (5, 0). 

The shift cr of enjoys of many nice properties. 
Proposition 4.9. XTie s/ii/it cr is topologically mixing. 
Proof. For all v = G f2c an d n > 0, let: 

C„ )2 , := {{v'Ai G ^ G : ^ = v'^ V|i| < n}. 

The family (C n . 

v)n,v is a base of neighborhoods of Qq- For all v, v' G a h n, n' G N, we want 
to show that there exists N > such that for every k > N, o~ k (C ritV ) intersects C n /y. By taking n 
and n' larger, without loss of generality, we can assume that v n = e and v'_ , = e. 

We remark that for every I > 2, there exists an admissible loop with base point e of length I. 
Indeed, by G7, there exist a loop of length 2 which is [e, (s_,0),e] and a loop of length 3 of the 
form [e, (s, 0), (s, 1), e], with s G 2Jo- 

Thus for every A; > iV := n + n' + 2, a k (C n ,v) intersects C n >^. □ 

To study the ergodic properties of a, we regard the number Z* of loops in the graph G passing 
by e only at the begin and the end. 

Let i?* be the convergence radius of the series J2 n ZnX n - Remember that e = 1/y/M. 

Proposition 4.10. The convergence radius R* is greater than e~ 2e . 

We recall since the entropy of the shift is at least close to log 2, the two latter propositions imply: 

Corollary 4.11. The shift a is strongly positive recurrent. 
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Proof of Proposition 



4.10. 



To bound i?* from below, we are going to show that: 



(4.1) Z* < 2e 2m , Vn > 0. 
We notice that: 

Z* = Card{ 5 G <B : n g = n}. 

First, let us prove that: 

(4.2) P m := sup Card {a x ■ ■ ■ aj G 2J x (21 \ 2) ) (N) : t ■ a x ■ ■ ■ aj G T n U T, n ai ... aj = m} < 2e €m 

It is the cardinality of the subset of suitable sequences from S f , beginning by a simple symbol and 
then equal only to parabolic symbols, such that the sum of their orders is equal to m. The first 
symbol has an order at most M, and the other symbols have an order at least M + 1. Also, given 
( a i)l=i suitable from for each k > 2, there are at most two symbols aj+i in 21 of order k such 
that (oj)^ is suitable from 5* (this is clear when aj + i is parabolic, when it is simple it follows 
from G7). 

Consequently, it holds P n = 2 for 2 < n < M and for n > M + 1: 



Pn < 2 ^ -Fk-fc — 2 ^ P; 



^ A; ■ 



fc=Af+l fc=2 

Thus if M + 1 < n < 2M + 1, by G 7 , these two inequalities imply P„ < 4(n - M - 2) < 2e en . If 
n > 2Af + 2, the induction gives: 

n - M 1 _ e(n-M-l) e(n-M+l) 

P n < 2 V 2e efc < 4e 2e ± — < 4^ 

This proves that P n is less than 2e en , since n > 2M + 1 implies that e 6 ™ is much larger than M 



2.15 



Ae~ eM /e is very small, by Remark 

Let g = (cii) 1 ^! G OS be such that n g = n. There are two possibilities. 

Either Oj belongs to 2Jo only when i = 1, and the cardinality of such a possibility is at most P n . 

Either there exists i$ > 1 maximal such that ai belongs to 2)o- Put g' := a\ ■ ■ ■ ai -i and 
a := Oj • • • oat. By definition of *B, a does not belong to 2Jo- The cardinality of such g' is given by 
Z* l while the cardinality of such a is given by P na . As a ^ 2)o) > Af. We recall that Z* = 2 
for n < M. Let n > M + 1. 

n-M-l n-M-l e („_M)+en 

^:-Pn< E ^- p n-fc< E 4e 2e V("" fc )<4 . 

k=0 k=0 ' 

As e~ eM /e is very small, Z* — P n is very small with respect to 2e 2en , for n > M + 1. □ 
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4.4 Construction of i 



Now, we are ready to define the conjugacy: 



Proposition 4.12. There exists a map 



a 



U / n w 



n>0 



for which the diagram of Proposition 4-8 commutes and satisfies the following: for all w = (wk)k £ 
£l' G and g G 25 such that the zero coordinate of I~ l (w) is (g, 0), i/ie point i(w) belongs to !Z g . 



Proof Let (ffi)jgz G 5S Z be such that f n9i (TZ gi ) n 7£ 9i+1 ^ for every i G Z, and (g t 



is 



not eventually equal to s_. By Lemma 4.5 and an induction on iV, the curve S a intersects 
^j=N'f~ n9N ' 90 " B ' 0^9j+i) ^ or ever y N' < < N. Moreover for x in this intersection, a{x) be- 
gin with gN' ' ' ' On and so is in 9\. Therefore, g^> ■ ■ ■ g n ■ ■ ■ is in R (and even in R). This en- 
ables us to regard the curve Wg l ,„ gn ... given by Corollary 3.5 By Lemma 3.9.2, the length of 
f n g N r--3i (Wg r ...g n ...) is smaller than # n9 iV " 9 i ; for every N' < 0. This decreasing sequence of curves 
converges to a single point xq as N' — > — oo. 

Let w = (wk)k £ be the canonical sequence induced by (gi)i such that the zero coordinate of 
I^iw) is (go, 0). Put i(w) = xq and i o a n (w) = f n (x). □ 



5 Geometrical and dynamical properties of the Henon attractor 

Since the Henon attractor support an SRB, the unstable Hausdorff dimension of the Henon attractor 
is one. The stable Hausdorff dimension of the Henon attractor is more delicate to compute. 

5.1 Stable Hausdorff dimension of the Henon attractor 

The stable Hausdorff dimension can be defined for points which admit a Pesin stable manifold, 
and so for points which are generic for some measure. These points are all eventually regular by 



Proposition 3.11 This means that they are sent by some iterates into 1Z. One can show then that 
every ergodic measure has its support included in \im1Z := C\n>o U„>at f n (JZ). 

We recall that every point x G \\m.1Z belongs to an intersection of the form rij>o/ ni (W^.) with 
a Li G R and (nj)j an increasing sequence. This implies that x belongs to the image by f n i of 
W^a,. n ^i>jf ni ~ n3 {Wa.), for nj arbitrarily large. Thus x belongs to f nj {W%] 



Proposition 5.1. For every a G R, the set Pi \\mlZ has a Hausdorff dimension small for b 
small. 

Proof The set W£ n lim K is included in U„>at U a , g ^ f n (W^,) n W£ for every iV > 0. For every 
gf G R and n > N, let gf n G 9\ be shortest word with order rig/ > n of gf n and with the property 
i' • b for b G 2t N . Remark that n a i is less than En + M. 



The length of f n {Y a ' n ) H W£ is smaller than 9 n by Lemma 3.9 Also the cardinality of {af n : af G 
R} is less than 2~ n+M by the following Lemma shown below: 
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Lemma 5.2. For every N > 0, the following cardinality is less than 2 N : 

#jv := sup Card{a' £ 2l (N) : n & , = N, t • of £ T U T n }. 

tGTUT D 

Thus the Hausdorff dimension of W£ D lim7£ is smaller than Hlog2/| log 0| since it is the supre- 
mum of s among which the series Yln>N 6 sn 2 r ' n+M converges. □ 

Remark 5.3. The estimate proved in the above lemma is not optimal at all. It seems to me 
possible to prove that the Hausdorff dimension is smaller than a constant times 6 = 1/| log 6| 



Proof of Lemma 5.2. We proceed by induction on N. For N < 2, it follows from Gj that #2 = 2 
and #1 = 0. 

In general, for each t £ TU T u and n > 0, there at most two symbols in 21 suitable from S t and 
with order n (by Gj for the simple symbol, i.e. n < M). Thus for N > 2, by induction: 

AT-2 JV-2 



#iv < 2 + ^ 2# N . n <2+^ 2n+1 < 27 



n=2 n=2 

□ 

5.2 Observations on the geometry of 1Z 

Let us give briefly the flavor of the geometry of TZ. 

We already saw that every point x £ 1Z enjoys of a long stable manifold W£. The length of this 
curve is at least 29. A same proof as for Proposition 3.9 of [Berllj shows that W£ is a Lipschitz 
function of x G TZ in the space of C 1 -curves. 

For every s £ 2Jo, a point x G TZ (1Y S enjoys also of a long unstable manifold: the point x 
belongs to the "non-artificial slice" of a unique curve S 1 *, t £ T U T n , which stretches across Ys. 
This "non- artificial slice" is a segment W% containing x called (long) local unstable manifold of 
x. From Proposition 5.17 of [Berllj . the C 1 -curve W% is a Holder function of i(x), for a suitable 
metric on Qg- 

Remark 5.4. With respect to these long stable and unstable manifolds, the set iZ has a product 
structure: the intersection of W" Pi Wy is a single point of TZ for all x, y £ iZ n Yg, s £ 2Jo- 

The partition (7Z g ) g of 7?. is actually wild, although VF s -saturated. For every g £ 03, any two 
connected components of 7£ 5 are separated by infinitely many others TZ g i . 

5.3 Dynamics on K\j 



By Proposition 3.11 every generic point x £ Y e \ W S {A) is either eventually regular or lies in the 



following invariant compact set: 

K ^-= fl U / n (i^) = □•••□•••: x£y e \W s (^)}). 



N>0n>N 
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This set is actually pretty simple. Let A± := D±(e — ci(#)) be the two parabolic symbols of depth 
M + 1 associated to S tt . We remark that 

{«(*) = □•••□•••: ^ e y e }= fi r n(M+1) (y A _uy A+ ). 

n>0 

One can show that for our parameters, f M+1 (d s Y\j) is included in the component of d s Y e containing 
A (see fig [2j) . Thus if ci(#) = s_, then the boxes Ya_ and Y"a+ are empty and so i^n is empty. 
If the simple symbol ci(ft) has its box Y ci rg\ at the left of Ya, then / m+1 (Ya_ U Ya+) does not 
intersect Ya_ U 1a + , and Kn is empty again. Otherwise, / M+1 |i^n is a horseshoe conjugated to 
the shift of {0, 1} Z . This proves: 

Proposition 5.5. If K\j is not empty, the topological entropy of f\K\j is log2/(M + 1). 

As M is large, the latter entropy is small and so Kq does not intersect the support of a maximal 
entropy probability. 

Therefore a generic point of maximal entropy measure is eventually \/S-regular. As we already 
showed the uniqueness of the maximal entropy measure supported by the orbit of 7Z, it remains 
only to show that the orbit of £$ :=TZ\TZ does not support maximal entropy probability. Actually 
the invariant probability supported by the orbit of £q are supported by £ := njv>oU n >Ar/ n (^o)- We 
remark that £ is /-invariant. The two following sections are devoted to the study of the invariant 
probabilities supported by £ . 

5.4 Invariant probabilities in 8 

Whereas alphabet *8 was suitable to study 1Z, we shall use the following alphabet to study £: 

m := {J{ ai ■ ■ ■ a m £ & : n am > M + H ^ n afe }. 

m k<m 

It is indeed useful to encode the set Eq := R \ R which satisfies £q = Ua^E W^. 
Proposition 5.6. For every a E Eq, there exist a' S 9\ and (mj)j>o £ 9JT N such that: 

a = a ■ mi ■ ■ ■ m n ■ ■ ■ 

Proof. If a does not come back infinitely often to R, then for every n large, let iV > be such that 
for every n > N, <r n {a{z)) does not belong to R. Let a' be the word formed by the N — \ first 
symbols of a. Let a be such that a = a' ■ a . We remark that cr n (a ) ^ R for every n > 0. Thus 
there exists m\ € 5DT such that a := mi ■ a l5 for a certain ^ R. Moreover (T n (o 1 ) ^ R, for every 
n > 0, and so we can write a 1 := m<i ■ a 2 with m2 £ 9JT and a 2 ^ R. And so on the proposition 
comes by induction. □ 



2 See the index for the definition of 25. 
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Let £ be the subset of £q of \/S-regular points x: 



M ( X ) < M + v^5^n aj («) for ever y * > °- 

j<i 



Similarly we define £' := n no >o U n > no f n (£' ). By Proposition 3.11, any ergodic probability v 
supported by £ is actually supported by £'. Consequently v{£q) > 0. Let: 



E' 0N := {a G Eq : a is v S-regular and a = a ■ b\ ■ ■ - b n - ■ ■ with a' S SR, h E SOT, n a / < iV}, 

We remark that £' Q = Un>q£on- ^ s * ne latter union is increasing, there exists N such that 
z/(£q n ) > and so v{£' N ) > 0, with: 

^ : = n u / n ^,iv)- 

rao^O n>no 

By ergodicity, the support of v is actually contained in £' N : v{£' N ) = 1. 
In the next section the following is shown: 

Proposition 5.7. For every N > 0, the set £' N has Hausdorff dimension smaller than 3/\^M. 

From this we can deduce: 

Corollary 5.8. The set £ does not support a measure of high entropy. 

Proof. Young's entropy formula [Yo u82j for any ergodic invariant probability is the following: 

d u = h v (— - t~ ) 

Al A2 

with h u the entropy of v, d u the infimum of the Hausdorff dimension of a set of full measure, and 
Ai, A2 the Lyapunov exponent of v. The support of any ergodic probability v included in £ is 
actually included in £' N for a certain N > 0, thus the dimension d u is small by Proposition 5.7 As 
the norm of the differential is less than than e c+ and the jacobean very small, it comes that h v is 
smaller than 2c + d v and so is smaller than 6c + /\/M « 1. Q 



5.5 Hausdorff dimension of £ 

To show that the Hausdorff dimension of £' N is small, we work with a family of nice coverings of 
if* :=S u n£ . 

Let \Y e \ be the width of Y e that is the maximal length of a flat stretched curve. For every curve 
C, let us denote by \C\ its length. 

Lemma 5.9. For every N, there exists Cm C £K such that: 
(i) {Sf : a £ Cjy} covers K*, 
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(ii) for every a G Cn, ria>N and \S% \ < \Y e \e~ n ^ 3 < \ Y e \e~ cN / 3 , 

(*») Y.aac N e- sn ^ 3 < X N , with A := e" Ml/4 and s := 1/VM. 

An immediate consequence is the following: 

Corollary 5.10. The set K* has Hausdorff dimension smaller than s = 1/yM, and so is small 
for M large. 

Actually the same estimate holds for every S t Pi £q , t G T U T n . 



Proof of Lemma 5.9, For every N, let: 

C' N := {of ■ h ■ ■ ■ b N G <R : bi G 9Jt, a' G IK, »i # < iV}. 



We remark that Cat := ^n'>nC N i satisfies (i) by Proposition 5.6 Property (ii) holds by Lemma 

EJ3 

Let us show (in). For s > 0, put 



sriac/3 



For t G T U T D , let £J7l(t) be the set of words b G Wl which are suitable from S l . The word 6 can 
be of the form D±(ci — q+i) or o' • U± (q — c^+i) with n Ci > Hn a / . In both cases the order is at least 
M + 1. In the first case or in the second case with a' fixed, there are only two possible parabolic 
pieces for each order. Consequently: 



e~ snb l < 2e ~ Snf + Yl 2Card {«' e 2lW : ria' = n, t ■ a £ T U T n } ^ e" 

6e2)l(i) n>A/+l n>l m>En 



By Lemma 5.2, it comes 



2e" sM f „^ e" sHn f 



For s = M 1 / 2 , since M is large and S = e^^, we get: 



bem(t) 

At the power N, this gives: 

*jv(s) < Card{a' G <K : n a , < N} ■ M N e~ NVM l. 



By Lemma 5.2, it comes: 



N -NVM 



3 . 



And so: 



e ~ sn -i < 2"M n e~ nv ^ 7 f < e" 

aeCjv n>N 



□ 
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We remark that (int Yg)a^c N is a covering of £q N . As we want a covering of £' N , we shall study 
the geometry of f n (Y a ) for n > 0. 

Lemma 5.11. For every a£ Ji, the diameter of f n (Y a ) is smaller than 9 n + \Y e \e~^ n -~ n \ for 
every n <n a . 



Proof. By the first statement of Lemma 3.9 for every a 6 SR, for every x G Y a , the length of the 
segment S equal to the intersection of Y a with the horizontal line passing through x is less than 
|l^|e~3 n -. Moreover, the image of this segment by f n has length less than \Y e \e~ ^ n -~ n \ 



By the second statement of Lemma |3,9[ every y G Y a belongs to a curve C intersecting S, the 
image of C by f n being of length less than 6 n for every n < n a . Thus, the distance between f n (x) 
and f n (y) is smaller than \Y e \e~ f^- n) +9 n . □ 



crig Tig 
6\log6\ ' 2 



, the diameter of f n (Y a ) is less than 



An immediate consequence is: 

Corollary 5.12. For every a £ 9\, and n G 
(1 + \Y e \)e~ n ^. 

We are now ready to compute the Hausdorff dimension of £' N . 
Proposition 5.13. The Hausdorff dimension of £' N is smaller than 3M -1 / 2 . 

Proof. Let rj > and let ./V be sufficiently large so that (1 + |Y e |)e -Ar 6 < n. 

Let x G £' N , there exists a sequence (ej, rii)i G (E' 0N x N) N such that x belongs to f ni (Wt) and 
rtj — > oo when z approaches infinity. 

Let et =: af ■ bi ■ ■ ■ bj ■ ■ ■ , with G 9JT for every I and a' G such that < n a i < iV. 

We will show below the following: 

Lemma 5.14. For every j > 1, n bj < Ena'.b 1 -b J _ 1 and so ng/. bl ... bN < J2iLo- 1 " n g/- 

Let i be such that rtj > SjLo and so rij > na'-b 1 ---b N - Let j > iV be minimal such that: 

2rij < Ha'.bvbi- 



By minimality n a '-6i— 6 _i < 2n,. By Lemma 5.14 



Ugf-bi-bi < (1 + 2)n g /. 6l ... 6 . j < 2(1 



Therefore, the integer n a i.b v .. b - belongs to [2nj, 2(1 + S)rti]. That is to say, the point a; belongs 



to f ni (Yg) with a:= a' - bf ■ - bj and rij G 
a covering of £' N : 

' ' f n (Ya) : n G 



2(H+1) ' 2 



. As a belongs to Cat, the following family is 



6\log0\' 2 



a G Cn > . 



By Corollary 5.12 the diameter of the boxes of the covering is smaller than rj. Let us compute: 



^n(s) := 



E 



diam (r(yj) 



3* 
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By Corollary pU^ diam {f n {Ya)) < (1 + \Y e \)e~^. Thus: 



aeCjv 



£ f (i + |y e |) 3s e-l^ 



As ^(1 + |y e |) 3s is smaller than e6 n ^ s since s = \j\fM and n a > M, it comes that: 



By Lemma 5.9, we have ^jv(s) < A^, for s = M x / 2 and A = e 



dimension of f^- is less than 3s = 3M x / 2 . 



Thus the Hausdorff 
□ 



Proof od Lemma 5.14 We show this by induction on N. Let a\ ■ ■ ■ ai be the 2l-spelling of af ■ 
b\ ■ ■ ■ b]\[. Let k < I be such that at - ■ ■ a\ is the 21-spelling of b]y. As b]y belongs to 9H, M + 
Hn afc ... ai _ 1 < n a; . Thus n bjv < (1 +H _1 )n ar 

As ej is v^-regular, it holds n ai < Af + V^w ai ... j_ :L . 

Thus n ai < M + \/Sraa'-6i-6 N -i + -~ 1/2n a ; and so: 

"fcjv ^ 1 _ ^-1/2 ( M + V S ?W-6i-6 W -i) < 5ria'.6 1 ...6 A r_ 1 ■ 



□ 



6 Properties of the semi-conjugacy 



In this section we show that the map i defined in Proposition 4.12 is a bijection, and so that its 
inverse h is well defined. Then we show that i is Holder continuous. 

We recall that TZ := r\ n > Q F n (R) and that F : z £ TZ t-> f N ^(z) G TZ. The following is not 
obvious and fundamental to prove the injectivity of v. 

Proposition 6.1. The map F is the first return map of TZ in TZ induced by f : 

Vzen, Vie (0,JV« (z) ), f\z)iK 

Remark 6.2. The first return of TZ in TZ is in general not F. Suppose there exists x E TZ such that 
a(x) is of the form sD(ci — C2) • s\3(ci — C2) • ■ • sD(ci — C2) • • • with s G 2)o an d ci, C2 of depth 1 
and 2. Then the first return time of x in 9^ is n s + M + 1 and not n s + M + 1 + n Cl as given by F. 

6.1 Bijectivity of i 

Proof of injectivity of i Let w,w' G fig be such that i(w) = x = i(w'). By commutativity of 



the diagram of Proposition 4.8, we can suppose that x belongs to TZ, even if it means looking at an 
iterate. Proposition 6.1 implies that the zero-coordinates of and are of the forms 

(go,0) and (g' ,0). As (TZ g ) g is a partition of TZ, it comes that go = g' . Thus the ^-coordinates of 
I (w) and I~ l {ul) are both equal to (go,i) for every i < n go . Then the n go -coordinates of I~ 1 (w) 
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and are both equal to a certain (g\, 0), with gi,g[ £ 33. Using again this partition property 

for f n3 o(x), it comes that g± = g[. And so on, we show that the i-coordinates of w, y/ are equal 
for every i > 0. By commutativity of the diagram, for every n > 0, i(cr~ n (w)) and i(o~~~ n (u/)) are 
also equal. Applying the above argument, it comes that is equal to I (u/) and so that i 

is injective since / is bijective. 



Surjectivity of i By commutativity of the diagram of Proposition 4.8, it is sufficient to prove 



that the image of i contains every point z £ 1Z. Let us construct w £ Q' G such that i(w) = z. By 



Proposition 6.1, the map F: 1Z — > 1Z is bijective. Let (zi)i be the preorbit of z by F. We note that 
there exists gi 6 95 such that a(zi) = gi ■ a(zi+i) for i < 0. Also the sequence w £ f2' G associated to 
• ■ ■ 9i • ■ • a( z o) satisfies i(u>) = z. 

The proof of Proposition |6. 1| is combinatorial and geometric. It needs a few notions. 



6.2 Definition and properties of the division 

A useful tool introduced in |Berllj is the Right division on the words 0. 

First let us remark that for a common piece Cj = ai * ■ • • * otj such that each a i is in 34 , we can 
associate the concatenation of the 2t-spelling of each a, 6 y given by (SR3). Thus a,- is canonically 
associated to a (regular) word in the alphabet 21. As all the common pieces are attached to the 
same curve S*, this association is injective. 

We say that a S © is (right) divisible by af G <5 and note a/a' if one of the following conditions 
hold: 

(Z?i) = a' or a' = e, 

(D2) a is of the form D±(q — q+i) and satisfies c z /a', with the 2l-spelling of q, 

(D3) there are splittings a = a 3 • a 2 • a_i and a' = a' 2 • a! into words a 1 ,a 2 ,a 2 ,a3 E 2l( N ) such that 
a 2 /a' 2 and ria 3 + n ai > 1. 

The two last conditions are recursive but the recursion decreases the order n a . Thus the right 
divisibility is well defined by induction on n a . In Proposition 5.14 of [Berllj . we showed: 

Proposition 6.3. The right divisibility / is an order relation on (3. Moreover for alia,, af , af' £ (8: 

1. If a /a' then > n a i, with equality iff a = a'. 

If Q>/af , g,/af' and n a i > n a ii then af /af' . 

Remark 6.4. If a £ is divided by b £ 21 \ 2Jo such that a = gf ■ b. 

A first application of this division is related to the C 1 distance between flat stretched curves. Let 
us define the C 1 -distance between two flat stretched curves S and S'. Let p, p' £ C 1+Lip ([0, 1],M) 
be the functions with respective graph sent by to S and S' respectively. The distance between 
S and S' is then: 

d(S, S') := sup \p(x) — p'(x)\ + sup \dp(x) — dp'(x)\ 
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The first application is the following: 

Proposition 6.5 (Prop. 5.17, Prop. 6.1 of |Berllj ). For every t ■ a,t' ■ b G TU T u , if there exists 
d G & such that: 

a/d and b/d 

then the curves S t '- and S*'- are 6" d//4 -close in the C 1 -topology. 

Furthermore the same parabolic symbols of depth j < H(n^ + M + 1) are suitable from S and 

An application of this proposition is the following: 
Corollary 6.6. If s ■ g belongs to 23, then s' ■ g' belongs to 53 for every s, s' G 2Jo- 



Proof. Let g\ ■ ■ ■ g n be the 2l-spelling of g' . By Remark 3.10, the interior of the box Y„i intersects 



both S tt ' s and <S*' S '. As by Proposition 6.5, S 1 *' 5 ' belongs to D(gi), the word g\ is suitable from 
S*' 5 '. Combining inductively these two arguments, it comes that g' = g\---g n is suitable from 
S u ' s ' . By Proposition 4.2 this implies that s' ■ g' belongs to 53. □ 



A geometric consequence of the division is the following Lemma: 
Lemma 6.7. 7/ a/6 with g,,bem, then f n ^(Ya) C f n ±(Yb). 

Proof. We proceed by induction on n a . If a G 2Jo then b G {a, e}. The inclusion is clear. Otherwise 
a = g Ll ■ a2, with Oj G £K and a2 G 21. There are two possibilities: 



If n a 2 ^ n 6) then 02/6 by Proposition 6.3 2. Either 02 G 2Jo and b G {a, e} from which the 
inclusion is clear; either 02 is of the form n±(cj — Cj+i) and, since b G SH, it holds c^/fr. As Cj G 
by induction / n s(^) <= f nb {Y k ). As / A/+1+n ai (y„) C F s ., it holds f n ^(Ya) C 



If n a2 < nfe, then b = 6 X • 02 with 61 G $H and a_i/6i by Proposition 6.3 2 and by definition of the 



division. By induction, / T1 - 1 (^j 1 ) C / n -i(l& ). From the geometries of / n - 1 (lb 1 ) and Y^ 2 , a same 



argument as for the proof of Proposition 3.7 shows that the subset Yh n / n ^i(y a2 ) is connected 
and equal to Y t Thus f n ^ (Y gl ) n Y fl2 C f n ^ This implies that / n ai C / n ^i Looking 
at the image by /™ a 2 of this inclusion, we finish the proof. □ 



6.3 Proof of the first return time property (Proposition 6.1) 



Let x G 7£n n >o F n (JZ) and let a(x) = a\ • • • ■ ■ ■ be its 2l-spelling. We recall that N a ^ is the first 
return time of a(x) into R by the shift a of 2l N . Put g 1 := a\ ■ ■ ■ a/v^-i and n' := n g i. Let n be 
the first return time of x in 1Z. We want to show that n is equal to n' . We notice that n < n' . Put 
x' := f n (x). These notations with respect to the time scale are depicted figure [5j 

1) We suppose that there exists i such that n = n ai ... ai . Put a' = a[ ■ ■ ■ a\ ■ ■ ■ := a(x'). By 



Proposition 4.1 a\ ■ ■ ■ ai ■ a\ ■ ■ ■ a'j belongs to 9\ for every j > since f n (Y ai ... ai ) n Y a ^... a i contains 
x' ^ d u Y e U and the latter set contains the boundary of Y a ^... a / . Thus a\- ■ -ai ■ gf belongs 

to Ft and x to W* . a/ . By uniqueness of the 2l-spelling, it comes that a{ + k = a' k for every k, and 
so n = N„ = n' . 
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^ai— Oj n cti+i n a n n' 
< >\< ► 




Figure 5: Notations for the proof of Proposition 6.1 



2) Suppose for the sake of contradiction that n G (n ai ... ai , n ai ... ai+1 ), for a certain i. Put a = 
a\ ■ ■ ■ Oj+i. Note that the symbol Oj+i is parabolic since it cannot be simple by G\. Let g G 33 be 
such that x' := f n (x) belongs to f n3 (lZ g ). The minimality of n implies n g > n. If n = n g then 
x G lZ g and n' = n g = n. This contradicts n G (n ai -an Hai— o i+1 )- Thus n g > n. 

We are going to show that n = n ai ... ai which is a contradiction. For this end, we apply the 



following Lemma 6.8 (shown below) with a := ax ■ ■ ■ a«+i and b some first letters of a(f n (x)): 



Lemma 6.8. Let a, b G 9\ and let n G [0, n a ] be such that f n (Y a ) n intYf, ^ and n& + n > n a 
Then there exists a' G U {e} suc/t that: 

a/a and n + n a i = n a , 

and b starts by of (i.e. b = gf ■ tf, with U G 2l (N) U {e} ). 



We remark that a^+i/a' by Proposition 6.3 2. We are going to show that a'/aj+i, which implies 
o-i+i = 9l and so n = rig, — n ai+1 = n ai ... ai , the contradiction. 

By the above Lemma, a' belongs to 1H. By Lemma 6.7, f n (Yg,) C Yg,>, thus f n9 (Y g )r\Y^ contains 



x ' = f n {x). By Proposition 4.1 g ■ a' belongs to 9\ 



To prove that a'/oj+i, we are going to apply the same Lemma 6.8, with g ■ af instead of a, with 
m := n g — n instead of n, and a instead of b. We can apply this Lemma since g ■ a' and a belong 
to 5H. 

It remains to observe that m = n g . a t — n„ (see fig. [5]) and that the intersection of f m (Y g . a i) with 
the interior Y a contains the point x. 



Lemma 6.8 gives g-af /a. As ai+\ is a parabolic symbol and gf ^ e, it comes a'/aj+i from Remark 



6.4 The expected contradiction. 



Proof of Lemma 6.8. We proceed by induction on n a to show the existence of such an of G 9t. 
If a G 2)o then either n = or n = n a ; take a' = a or e respectively. 
The case a = D±(cj — Q+i) does not occur since oS!H. 

Let a = a x • a2 be with ai G 21. If n > n 5i , then either 02 G 2)o and n = n^; either 02 = 
□±(cj — Cj + i) and we can use the induction hypothesis on c i G 

If n < n Sl , then by induction there exists G such that n+n a ^ = n fli and a\ja\. Furthermore, 
b G starts by a^: there exists 6' G 2l^ N ^ such that 6 = qly -b[. 
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Let 62 G 21 be the first letter of b[. We want to show that 62 = 0-2 since a' = • 02 divides a and 
satisfies n + rig/ = ria- 

As 6 belongs to 9\, the curve S*- 1 belongs to the domain D(b2) and n& 2 < M + Hn^. 



As fli/a'x , by Proposition 6.5 the parabolic pieces of and with order less than M+5n ' 
are pairwise the same. In particular, S^- 1 belongs to the domain Dfa) and 62 £ • On)- 
Also f n (Ya) intersects the interior of y& C y o > an< ^ 

r(y«) n y fi , >6a = /"(y^ n (y 2 )) n y„, n /^i (y fe) c ( y 2 n y 6a) . 

Thus the interior of Y a2 n y, 2 is not empty and so the partition property of V[it ■ o^) implies 
a 2 = b 2 - □ 

6.4 Holder continuity of i 

Let us show that the map i is 2e~ C//3 -H61der. Let w = (u)i)i, v/ = {w[)i G Qg be such that 
d(w,w') < 2~ n . This means that Wi = w[ for every |i| < n. We can suppose n maximal with this 
property. There exists m > n such that W{ = for every — m < i < and such that W- m = w'_ m 
are of the form (g', 0) with s ■ g' G *B for s G 2)o or 5 = </ G 2)o- 

We remark that there exists a G with > m + n such that x := and x' := satisfy: 

r m ( x ) eYa3 r m ( x ') 

It is easy to see that f~ m (x) and f~ m (x') belong to flat stretched curves S t and 5*' respectively, 
with t, t' G T U T n such that i • a and t' • a belong to T U T u . 



Unfortunately the words a =: (aj)i is not H-regular since it does not satisfy (i?>) in general, but: 
(6.1) n ai <S(M + ^n a .), Vi. 



By Remark 3.10, f~ m (x') belongs to a curve CcF a such that: 

• the length of f k (C) is smaller than 9 k for every k < m + n, 

• the curve C intersects at a point z G y o . 

From this it follows that the distance between f m (z) and x' is smaller than 9 m . Using moreover 
/t-times property f a(5*), the distance between f m (z) and x is smaller than \Y e \ ■ e -(^a-m)c/3_ Thug . 

d(i{w),i{w')) < d(x,x') < 9 n + e - nc/3 < 2d(w,u/)^. 
7 Periodic points with orbit which does not intersect 1Z 

In this section we show the following: 

Proposition 7.1. For every p, the number of fixed points x of f p with orbit which does not intersect 
n is less than pePl^ + (M + 1)2p/ (m+1 \ 
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Proof. Let us first study the periodic points in Ku- In £5.3 we showed that Ku is either empty 
or f M+l \Ku is conjugated to the shift on {0, 1} Z . The n* ft -iterate of the latter shift has 2 n fixed 
points. Therefore: 

Card Fix(/ n |ET n ) < (M + l)2"/( M+1 ) 

Let us now study the periodic points x in 1Z \ 1Z. Let (aj)j := a(x). Let p > 1 be such that 
f p (x) = x. We are going to show that a(x) is preperiodic. 



If there exists j such that p = n ai ... a then by Proposition 4.1, a n+ j = a n for every n. This 
contradicts that x ^ 1Z. 



Consequently there exists j > such that p G (n ai ... a ._ 1 , n ai ... a . ). By Lemma 6.8, there exists 
i < j such that: 

ai---aj/a 1 ---a i and p + n ai ... aj = n 01 ... aj 

As riai— aj-x < P < n ai ... aj , this implies that aj/a% ■ ■ ■ a, L . 

Using the same Lemma, it holds that there exists %' > i such that 

a% ■ ■ ■ Oj+i/ai ■■■a i i and p + n ai ... a ., = n ai ... aj+1 

a>j+l/<H+i---Oi> an d a\ ■ ■ ■ %+i/ai • • • a v and n ai+1 ... a ., = n aj+1 



By Proposition 6.3, it comes that Oj+i • • • ay = a,j+i. By uniqueness of the 2l-spelling, tjj+i = Oj+i. 

And so on, aj+fc = aj+fc, for every k > 1. From this it comes that (ai)i>i is equal to the 
preperiodic sequence: 

a% ■ a% ■ ■ ■ cii ■ a, + i • a, + 2 • • • dj-i • <Xj • a«+i • • • • dj-i • a,j • (H+l " a «+2 • • ■ a j-i ' a j ' " 

The periodic chain is b := dj+i • aj+2 • • • dj-i • a?. It must be very irregular: 
Lemma 7.2. There exists b\ ■ ■ ■ bk G 9Jt ( - N - ) egimZ to b. 

Proof. The word b cannot be in since otherwise x would be in 1Z. Let G & be such that 
6 = b\ ■ 6i ^ £R and suppose 6i with an order minimal with this property. Note that b' can be 
empty but b\ not. If b' is empty then we are done, since by minimality b\ belongs to 9K. 

If b is not empty, assume for the sake of contradiction that it belongs to 9\. We recall that 
dj/ai • a 2 • • ■ a» and so ny > n aj > n ai ■a 2 ---ai- As, by ^-regularity, n ai+1 is at most M + sn ai . aa ... aj , 
it is also at most M + Hn 6 /. Furthermore %+i = aj+i, and so b ■ di+i is H-regular. Doing the 
same argument we show that b' ■ a%+i • • • o m is H-regular. Thus 6' • Of+i • • • a m • • • belongs to i? and 
a belongs to i£. A contradiction. 

Thus we can write b in the form b\ ■ 62 • & with &i, &2 G 9H. Again by the full argument, we show 
that b" <£ % and so on, it follows that b belongs to SDtW. □ 

The above Lemma defines the following canonical map: 

b : x G Per f n K \ 1Z t-> h ■ ■ ■ b k G Wl (N] . 
Actually the image of b is included in 9JT W fig. Let us prove the following: 
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Lemma 7.3. Ifb(x) = b(x') forx,x' G PerfCilZ\7Z, then the periodic orbits of x and x' are equal. 
Proof. Let a(x) = a ■ b ■ ■ ■ b ■ ■ ■ and a(x') = gf - b- ■ b- ■ ■ . For I > 0, put: 



a ■ b- ■ -b and af t := a ■ b 



l times. 



I times. 



By Lemma 3.9, the points f n - l (x) and / -i(x') are 9 ^-close to respectively the curves S tt '- 1 and 
S^'-i . Moreover, as ajb ■ ■ ■ b and afjb ■ ■ ■ b with n^..^ = I • n^, by Proposition 



6.5 



the flat stretched 

curves S tt '- 1 and 5*-' are C 1 -b l ' n ^ 4: close. For the same reason, the sequences (S 1 *-')/ and (5*-')/ 
are Cauchy and so both converge to a same flat stretched curve S. 

As any domain of the form D(b---b) is closed and contains the sequence (S 1 *-')/, it contains 
its limit S. By Lemma 3.9, the distance between f n - l (x) and approaches as / approaches 
infinity. Thus f n -i(x) approaches S&...& as I approaches infinity, and likewise for f n -i(x'). 

As x, x' are periodic points, for I sufficiently large, f n -i (x) and (V) belong to: 



n>0 



which is a single point. It comes that f n -i (x) and / (x 1 ) are equal. 



□ 



Thus we shall prove that the cardinality of {b : OftW , = p} grows exponentially slowly with 
p. This begins with: 

Lemma 7.4. The cardinality of {□±(q_i(t) - : t G T U T D } is at most 2 2+s ~ 2; , for 

every I > 0. 



Proof. Let T\ := {tt ■ d £ T \JT : d G 0, n d < E~ 2 l}. By Lemma 



5.2 



most 2 1+= On the other hand, Proposition 7.5 (ii) of |Berllj and Proposition 



the cardinality of 7] is at 
it holds: 



6.5 



Lemma 7.5. For every t G T U T , /or every I > 2ME , there exists t G T} suc/i £/ia£ 5 and 5 
are osme 2 -C -distant. 

By definition of strong regularity, »S in and 5* D must be N(Z)- tangent to 5^,,(t) and 5^,(f ) respec- 
tively Either C;(t) and C/(i') are equal or their extensions have disjoint interiors. Also the "fold" of 
S tn is at most e - c+ K(t)+2K(0) > e -c+(ATJ+2K(Q) close to d s Y C[(t) . By Remark 



2.15 



for I > 2Mz?\ 



(7.1) 6s^e c+ ( A/ + 1 ) < e -c+(M/+2«(0)_ 

Thus c/(i) and c/(i') are equal. This implies that for I > 2Mz?: 

Card {D ± (ci-i(t) - qj(t)) : t G T U T n } = Card {□±(q_ 1 (i) - : i G TJ} 

the cardinality of T; is at most 2 1+ '/ =2 , the above cardinality is at most 



5.2 



Since by Lemma 

2 2+l/~\ 

For 1 < I < 2Mz?, as all the flat stretched curves have a Hausdorff distance between each other 
at most 49 = 4/| log b| which is less than e -c + (M+i) e -c+{Mi+2K{i)) by Remark |2~15[ they are all 
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tangent to the same Y C[ . Thus, for every l> 1, the cardinality of {□±(Q_i(t)-Q(t)) : t G TUT D } 
is at most 2 2+p / s . □ 



This upperbound is useful to show below the following, with s := 1/y/M: 

(7.2) V e- sn " < - 1 - 

^ ~ M 



be-M 



This lemma implies that 5Z&e2tt( N ) e snb — ^ m Consequently, for every p > 1, the cardinality of the 
fixed points of f p with orbit which does not intersect 7Z is at most p ■ ePl^^ + (M + l)2 p /( M+1 ). 



This is the statement of Proposition 7.1 



Let us prove inequality (7.2). We remark that ^&eOT e snb 1S a * mos t : 
^Card{D ± (Q_i(t)-Q(i)) : t G T U T n } e - sn °^-iW-iW) + 

2Card{a G «R : n fl i = n} e~ sm § 



i>l 



n>l 



m>Hn 



By Lemma 7.4 and since ^□ ± ( C ;_ 1 (j)_ C; (f)) > M + /: 



^Card{D±(q_ 1 (t)-q(t)) : t G T U T D } e _snn C e !-i( < )- c iC*)) < 2 2+E V( M+Z ) S < 



2M 



On the other hand, by Lemma 5.2 



^ 2Card{a G «R : n a ' = n} e" 8 " 1 ! < 2 n+1 - 



e " H "f 



< 



n>l 



m>Hn 



n>l 



e"f s ~ 2M 



□ 



8 Proof of the analytical ingredients 



This section is devoted to show Proposition 3.3, Lemma 3.9 Proposition 4.3 and the postponed 



argument of Proposition 3.11 



We are going to use concepts of [BC91] and [YW01], that we recall now. 

Definition 8.1. Let D(ek) be the set of points z £ Y e such that the matrix T z f have a unique 
direction more contracting, say e^z): 

||T,/ fc (e fc (z))|| ^ \\T z f k {u) 



< 



-, Vu(£Re k (z). 



\\ e k\\ \\U\\ 

The C 1 -vector field eu is tangent to the leaves of a foliation J-^. 

The set D(ek) is open and we can assume eu unitary and continuous. It is then of class C 1 and 
tangent to the leaves of a foliation Tk- 

Actually the vector field e& is in general very wild and so J-^ is. To tame this geometry a nice 
assumption is the following, for z G M 2 : 

(VC£ k ) \\T z f j \\ > e Sc + (M+i+j)^ ■ £ M _ 

We notice that if z satisfies (VC£ k ), then it belongs to D(ek) by Remark 2.15 
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Lemma 8.2 (Lem. 2.1, Cor. 2.1 and 2.2 of [YWOlj ). If z G R 2 satisfies condition {VC£ k ), then: 

• \\T z f{e k )\\ < b i/2 for every 0<i<k, 

• There is a neighborhood U of z such that the C -vector field ek\U and ei\U are b? -close, for 
every i < k. 



A nice consequence of the above Lemma is the following (Lem. 13.5 [Be rllj ): 

Lemma 8.3. Let z G Y e be satisfying condition (VC£ k ). Then the T^\Y e leaf of z is \fb-C^-close 
to a component of a curve of the form {f a (x) + y = est} n Y e . This leaf is b 1 ^ 2 -contracted by f % for 
every i < k. 



Another powerful concept of |BC91j and |YW01j is: 

Definition 8.4. A critical point of order A; of a flat stretched curve S is a point z G S D Die.^) 
such that ek{z) is a tangent to S at z. 

A non trivial application of these concepts is the following. Let A £ 21 be a parabolic symbol 
and let S £ D(A) be a flat stretched curve. Let Xa(S) be the cone field formed by the vectors 
(z,u) G TM. 2 such that there exists z' G Sa which is 0" A / 3 -close to z and there exists v! G T z iSa 
such that \Z(u,u')\ < 9 nA ^ 3 . 



Proposition 8.5 (Prop. 5.9 [Berllj ). For every (z,u) G XA(S)> ^ e vector T z f nA (u) belongs to x 
and: 

\\T z f nA (u)\\ > e kc / 3 \\T z f nA - k (u)\\, Vk < n A . 
For s G 2Jo, let Xs denote the cone field on Y s defined by xl^s- 



Proof of Proposition 3.3 and Lemma 3.9, During this proof, we are also going to respectively 



show what we need to change to prove Remarks 3.4 and 3.10 



Let g = at ■ ■ ■ a% be a sequence of 2l-symbols which is H-regular (resp. satisfies 6.1 ). By proceeding 
as for Proposition 3.6 of (Berllj . we can prove that for every z G Y g , every unit vector u G x{ z )i 
j < i: 



(8.1) 



T z f ar '(«) G Xa J+1 and T z f Tla (u) G X- 



By Proposition 8.5 and G4, it follows that: 

(8.2) \\T z f n ^-^(u)\\>e n ^-^ c/3 , Vj<i. 



(8.3) 



\T s r-(u)\\ > e kc / 3 \\T z f n *- k (u)\\, Vk < n. 



This implies obviously the first inequality of Lemma 3.9 1 



Let us show the second inequality of Lemma 3.9 1. Let k < n„ and j < i be such that k G 



[^ai-Oj! w 0l ... ai+1 ]. From (8.2) at j = i + 1 and since ||T/|| < e c , it follows that: 



\T z f k (u)\\ > e no i-°if e n ^+i(f- c+ ). 
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As n ai+1 < M + En ai ... ai (resp. < S(M + n ai ... a J), it comes: 

(8.4) \\T z f k ( U )\\ > e fcf e -(^+S«a r ..a i )c+ > e -(M+3fc)c 



Vfc < n 



9 J 



which is the second inequality of Lemma 3.9 1 (resp. (VCE™ 9 ) is satisfied). 



As done to prove Proposition 3.6 of [Berllj . one can show that Y g is a box. This means that 
Y g is diffeomorphic to a the filled square [0, l] 2 such that [0, 1] x {0, 1} corresponds to a pair of 
segments of {y = ±20}, this is the second bullet of Proposition |3.3| 

We show below the following lemma: 

Lemma 8.6. Every point in d s Y g satisfies (PC£°°). 



By Lemma [8. 3| with k = oo, this implies the first bullet of Proposition 3.3. From this, it is easy to 
see that a horizontal curve intersects Y g at a segment. This segment has its tangent space included 
in the cone field Xg- By Proposition 



8.5 



this segment is e 3 n a -expanded by f nB and its image has 
its tangent space in x- This implies the last bullet of Proposition |3.3[ and so this achieves its proof. 

for every x 6 Y g , the J^-leaf C ng of x is v / 6-C 1 -close to a component of a curve 



By Lemma 



8.3 



of the form {f a ( x ) + V = est} n Y e . Moreover C Ug is 6 fc//2 contracted by f k for every k < n g . 

If x belongs to d s Y g , then by the same Lemma, C ng is 6 n9 / 2 -C 1 -close to the corresponding 
component of d s Y q . The latter is still b k l 2 contracted by f k for every k < n„. In this case, we chose 



this component for the curve C requested by Lemma 3.9 2. 

If x £ Y g belongs to Y g \ d s Y g , either C ng is included in Y g , and so we put C 



C Ua either C na 



intersects d s Y g . Then we can patch a segment of d s Y g to a segment of C ng in order to construct 
the curve C claimed by Lemma |3.9|2. 



It remains only the last statement of Lemma 3.9 to be proved. We just showed that d s Y 9 is 



# n 9-smail. Furthermore, as the tangent space of d u Y g is in x 9 , by Proposition 8.5, the tangent 
space of d u Y g is in x- To show that d u Y g consists of two flat curves, it remains only to show that 
these two curves have a very small curvature, which is an immediate consequence of 
Lemma 2.4 of |YW01j . 



.3) and of 

□ 



Proof of Lemma 8.6. We already showed (VC£ n9 ) in (8.4). In order to show (VC£°°), we are going 
to show that the points in d s Y g are sent, a few iterates after n g , into d s Y e (which is in a local stable 
manifold of A) . 

Let us first regard a parabolic symbol A := d±(ci — Q+i) G 21 and q+i = Cj * cti+%. 

In the proof of Proposition 5.9 of |Berll| done in §14.2, equations (44) and (45) imply that for 
z £ d s Y& and u £ xa, the vector Tf nA (u) belongs to the " cone field of the canonical extension of 
aj + i". This cone field satisfies /i-times property by Proposition 5.9 of [Berllj and is sent into x by 
Tf 71 "^ 1 . Consequently for every z £ d s Y&, u £ Xa(z), k < n ai+1 : 
(8.5) 

f 4+n °.+i(z) £ d s Y e , T z f nA+n ^(u) £ X and \\T z f nA+ria ^ {u)\\ > e^ a ^- k)c/3 \\T z f nA+k (u)\\. 
As A is a repelling fixed points, for every vector u' £ x an d z' £ d s Y e , it holds 

[|iV/V)ll > IKII, v&>o, 
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and so it comes that for every z G d s Y&, u G Xa(z): 

(8.6) \\T z f k (u)\\ > e (nA+n ^ )c/3 ||n||, Vfc > n A + n ai+1 . 

We recall that by definition of common sequences, n Qi+1 < M + n^/H. 
From 8.5 and 8.6, for every k > n^: 

(8-7) \\T z f k (u)\\>e 



-Mc+ I 



We recall that g = a\ ■ ■ ■ at- By definition of Y aj+1 , for every point z G <9 S Y 9 , there exists j < k 
such that f nai "' a j (z) belongs to d s Y aj+1 . Furthermore, for every u G x( z )> T z f nai " a i (v) belongs to 



Xa j+1 by (8.1). By (8.7), this implies that: 

||T 2 / fc (u)||>e- Mc+ |M|>e- 



3(M + l+fc)c+|| n || Vfc > ng . 



The latter equation with (|8.4|) achieves the proof of this lemma. 



□ 



Proof of Proposition 3.11, Let us suppose for the sake of contradiction that v is ergodic and 
has one Lyapunov exponent non-negative. This implies that for z/-almost every point z GY e , there 
exists a unit vector u and N > such that: 

(8.8) \\T z f n (u)\\ >e- cn ,\/n>N. 

We suppose for the sake of contradiction that z is not eventually \/S-regular and di(z) ^ □ for 
some i. 

To simplify, we denote by (oj)j the sequence (ai(z))i associated to z. By replacing z by an iterate, 
we can suppose that a\ = □ and <i2 ^ □. 

Let (ij )j>i be the increasing sequence of integers defined by at = □ iff k = ij. Note that i\ = 1. 

Put iVi = and for j > 2, put Nj := Y^i^jKK^ n ai ■ Let rij := N\ H h Aj be the /^-irregular 

return time and let z n . := f n: >(z) be the j'" 1 irregular return of z. 

Let us show by induction that for every j, a^+i is not □. Let j > 2. If a« J _ 1 + 1 / □ then 
G Yuc or G ^n 4 ( Cfc -c fc+1 ) with 6 G {±,fr} and n Ck + M + 1 > S (and so A; > 1). Thus the 
symbol a^.+i is not □. 

The point z nj . belongs to Y a with a G ?fi(tj), with ij := it ■ cii j _ 1 +i • • • a^-i- The symbol a is of 
the form Os(ck — Ck+i), 5 G {+, b}. It satisfies: 



a > M + 1 + VE(Nj — M — 1) 

As JVj- - M - 1 > 1, it comes n a > jj^Nj. 

The 21-spelling c fc of is \/S-regular, and so it is equal to the first symbols of a^.+i • • • aj j+1 _i. 
Thus it comes Nj+i > n a and: 



(8.9) N j+l >n a > 



N~ > 
M + 2 3 ~ 



M + 2 



1 )N, + N i > 



M + 2 



0l> 



1 



.M + 2 

Take z, u, A 7 " be given by (8.8). Remember that tj := it ■ ai j _ 1+ i • • -Oi-_i. Put := T z f k (u), for 
fe > 0. 
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Lemma 8.7. For every j > 2 + N, there exist z' n . G S tj and a unit vector u' n . £ T z i n S tj (i.e. 
tangent to S tj at z' n .) such that the angle between u' n , and u nj is 6 n ^ 5 -small and furthermore z nj 
and zL are Q n il 2 -close. 

The proof of this lemma is postponed to the end. 

We want to show that ||u2nj|| is small with respect to e~ 2cnj when j is large. This would be a 



contradiction with inequality 

Put w := u nj j || u n . || and w' := iC,-/ll u nJI- A classical computation gives: 

\\T Zn J n Hw)-T zk J n i(w')\\ < \\T Zn .n-T zk J n m + \\T Zn .H\\-\\w-w'\\ < n je 2 ^ c+ 9 n ^ 2 +e c+n W n ^ 5 . 



,10) =► ||T, /**(«,) || < \\T z , n r^w')\\+2e c+ ^e n ^ 5 . 

On the other hand, the point z nj belongs to Y n n /~ M_1 (*cJ with n Cfe + M + 1 > (-^^ - 1)? 



by (jSJj). 

If Cfc is the product of the pieces at\* * ctk, then for Z < k, we denote by q the product 
ai * • • • * ai 

Let I be minimal such that n C; + M + 1 > M ■ rij . By the third item of the common sequence 
definition, Y~ is a neighborhood of Y Q sufficiently large in Y e such that z' n . belongs to Y ai := 

ftnf 1 - 1 ^). 

By Proposition 14.3 of [Berll], there exists a unique critical point z of S tj in Y ai of order 
M + 1 + n ci . By Proposition 14.2 of [Berllj . every point z" G Y ai satisfies (VCS nc i +M+1 ) . 



By Proposition 14.1 of [Berllj and Lemma 8.2, there exists a splitting w' =: w[e nj + tf 2 (0, 1) 
such that: 

Kl < (l + 0) + d(z' n .z) < 2, \w' 2 \ < 2(1 + 9)d(z',z) and \\T Z , /^'(e n ,)|| < b n ^ 2 . 



The segment S i n 1^-, is an union of parabolic pieces. By Proposition 8.5, the length S n i D Y c 



- &i 



is less than Ylk>M+i4-n e kc ^ times the width of Y e (which is less than 4). Thus: 



Kl < (i 



4e -|A/n. J 

1 - e- c / 3 ' 
It comes that: 

4e -fMr lj 



-4c+) 



1.11) \\Tf n >(w')\\ < 2b n > /2 + (1 + 0)— ^ c « e 

1 — e~ c ' ,i 

Consequently: 

||«2n-|| < e n ^ c+ \\Tf^(w)\\ < e ^ c+ ( ni e^ c+ ^ /5 + e- 4c+n « e~ 2cn K 



This contradicts equation (8.8). Thus v cannot have one exponent nonnegative. □ 
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Proof of Lemma 8.1. The point 2 n _i+M+l := f Uj ~ 1+1 (z) is ij — ij—\ — 1-regular. Note that g := 
a-ij-i+i 'd'ij- 1 +2 ■ ■ ■ <iij-i{z) is \/H-regular and consists of the first letter of a(z n? _ 1+ M+i). In Lemma 



3.9 we saw that 2n_i+Af+i belongs to a curve C which satisfies the following properties: 

(i) For every k < n g = Nj - M - 1, diam f k (C) < k . 

(ii) The curve C intersects every flat stretched curve. 

(hi) The curve C is included in Y g . 

By (ii), there exists a point z' G C n S*. By (hi), the point z' belongs to 5*. Thus z' n , := f n9 {z') 
belongs to S l K By (i), the distance between z' n . and z nj is less than # n 9. By (8.9), we have: 

1 

^ + -2- 



M+2 



1 



As j > 2 and as by (|8_9j) iVj > (VE/(M + 2) - » 3M + 3, it comes Nj — M — 1 > 2Nj/3 

and so: 



.12) 



n„ 



Nj - M - 1 > nj/2. 



It follows that the distance between z' n . and is less than Q n il 2 . 

Take any unitary vector u' tangent at z' to 5 ffi . Put u^. := T/ n f(n'). To evaluate the angle 
between u' n . and u n . , we regard the formula: 



sin Z(u! ',u n .. 



I n nj X u rij | 



Put n' := [%/2] + 1. Let x := /~ n '(z nj ) and x' := /""'«.). Put also := (T x .,/ n ' 

We have 



T x ,f n 'u',xT x f n 'u r 



sin Z(u n ,u n . 



< 



\det(T x f n ')\ ■ \\u' x u ,\\ \\T x f n ' - T x ,f n '\ 



\ u rij II ' \\ u rij || \Wrij I 



fa-times property of g (Lemma 3.9 1), ||w^_ n / H/H^C. || < e n c ^ 3 . By inequality (8.8 ), as rij > j > N: 
KH > e^'KH; K-»'|| < e c+( ^- n,) ||u || II ^ Wj ~" /|1 < e ^+ c+ K-™') < e 2c+n > . 

Kill 

Consequently: 



Idet^/" 



II • HUn., II 



Using again /i-times property, the second term is bounded from above by ||r x / n ' — T x 'f n '\\e n ' c / 3 . 
A classical computation gives, \\T x f n — T x if n || < (n ; + l)e 2n c+ 9 n . Therefore: 

| sin Z(u' n .,u n .)\ < b n ' e 2c+n ie- n ' c/3 + (n' + i) e ^ + -n'c/3 9 n' 
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By (8.12), it comes: 

| sin Z(u' n .,u n .)\ < b n ^ 4 e 2c+n i + + 1^/^/2^/12^/4 < ^/5_ 

□ 

Proof of Proposition |4.3| , We are going to prove that for every invariant ergodic measure /i, the 
subsets rijv>o U ra >jv f n (TZ) and U n >o/™(7£) are equal //-almost everywhere. 

The first subset contains clearly the second one. By ergodicity and invariance of the subset, we 
can suppose H7v>o U„>tv f n (1Z) of full measure. 

Let us show that /i-almost every point x G ri7v>o U n >jv f n (TZ) is also in U n >of n (TZ). 

We observe that the measure of 1Z is positive, and so by Lemma |3.9[ one Lyapunov exponent of 
/x is greater than c/3. Thus for /i-almost every point x G riAr>o U„>at f n (1Z), there exists a vector 
u such that: 

(8.13) -\og\\T x r n {u)\\<-- A 

n 4 



for every n > large enough. Note that Inequation 8.13 for every n > (and not only n large 
enought) is true for a //-positive set. 

As U n >o/ n (7£) is invariant and \i ergodic, it is sufficient to show that its measure is positive. 



Consequently it is sufficient to prove that every x G C\n>o^u>n f n {TZ) satisfying Inequation 8.13 
for every n > is in U n >of n (TZ). 

Let n be large and such that x £ f n (lZ). Suppose that z n := f~ n (x) belongs to Y e . Let 
a n = (af)i := a(z n ). 

Remark that a n belongs to R and so starts by a work g S 53. A first problem is that a priori g± 
could be larger than n whatever n is... 

That is why we shall find N' > such that there exist q > and n arbitrarily large satisfying 
that a n belongs to g\ ■ ■ ■ g q ■ 2l N and n gi ... gq < n < n gi ... 9q + N'. 

This implies that x belongs to UNi> n >of n (F q (lZ)) for every q, and so to UN'>n>of n (JZ-)- 

The definition of N' depends on the following integer N. By convergence of the Lyapunov 
exponent, there exists N > 2H 2 such that for every k > k' > N: 

(8-14) - ^ < llog\\T x f- k (u)\\ - ^\og\\T x r k ' {u)\\ < ^ 

Let us suppose n > N, and take z and a n be defined as above. 

For every p £ [0, n], let af p be the symbol such that — n + n a ™... a « < —p < —n + n a «... a ^ . 
Below we show the two following: 

Claim 8.8. For every p > N, the symbol has an order less than p/2. 

This claim is sufficient to conclude. Indeed, take a strictly increasing sequence (nj)j>o such that 
every nj is greater than N and x G f nj (1Z) . 

at every p G [N,nj], by diagonal extraction, we can suppose that ai p := o™ J 



From Claim 



does not depend on j. Put rfij : — i n ^ . The word CL m ^ • a m ^—\ ■ • • at N is ^,-regular. Also x belongs to 
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f nj O r a m --a m —vOi )• Observe that rrij is greater than the order of a m - ■ a 



a iN . As (mj)j is 



increasing, by definition of *B, there exist q > j and (gk)i<k<q G 25 9 such that: 

a mj • % r i • • • Oijv = 9q ' " 92 • 9i • a mo • • • . 
Therefore x belongs to U < ri <jV'/ n (i ;1 'W) with N' := N + n amQ ... aiiv . 



□ 



Proof of Claim 8.8. Let us fix n, and for the sake of simplicity, let us write a = (aj)j instead of 
a n = (a?) n and z instead of z n . We suppose that n > N > 2s . 
The sequence a belongs to R, thus for p £ 

• n/3-M 

lb j t 

n/3-M ' 



n/3-M 
n , n 



, the symbol Oj p has an order at most 



M + E^^- = n/3 < p/2. 



Let p G 



N,n— — % ni j . We remark that a' = a\ ■ ■ ■ Ot p _ 1 belongs to IK. Observe that a = 
a' • «i p • o-ip+i • • • • We want to show that the order of o« p is at most p/2. Let d := aj . 

Let z' be the intersection point of W£ with S # . Put v := Tf~ n (u). Let u' be a unit vector of 

For every fc > 0, put z k := f k (z), z' k : = f k (z'), v k := Tf k (v) and v' k := Tf k (v'). 
Lemma 8.9. The points z Ua , and z' n ( are 8 n i' -close, and sin ^-{v na , , v' n ; ) is 6 n s! ' s -small. 
The proof of this lemma follows the same argument as Lemma |8.7| and is done below. 



As for (8.10), it comes for k < rid'- 



K„,+fc|| V n n ,+k 



\V„ 



fr^r < \\T Zn J k -T z , n f\\ + \\T Zn ,/ fc |HK,-< o/ || < (k+l)e 



2c+(fe+l)gV +e c+kgn gi ,/3 



1.15) 



V 



n n /+k\ 



< 2e 



On the other hand, as for (|8.11|), it comes for k < rid- 
(8.16) 



J7V/V+V 

im 



'^ rT ^<2b k l- + {l + 9)^^-^ +k 

,/V(i/)|| ; l_ e -c/3 



For > 0, put := T x f k (u). Put m := n — n a /. Observe that: 
n/3- Af 



(8.17) 



< M + (E + l)no' =^m = n-?v<M + S(M + (E + 1)jv 



We remark that m > p > N. Observe that v = U- n and v n , = U- m . From (8.15) and (8.16), it 
holds for every k < rid'. 



I "~™~ l 7 < 2b k ' 2 + (1 + 6) 



1 - e~ c / 3 



Let us suppose for the sake of contradiction that rid > m/3. Then with k = [m/M], by (8.17): 

4 e -fnd 



\ u -m+[m/M] I 



< 2b m l 2M - 1 + (1 + 



1 - e- c / 3 



c+m/M + 2e c+[m/M] ( 



23^ < e io 
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Taking the logarithm and dividing by m, this implies since log \\u_ m+ \ [m /M] || is negative: 

1 , i i, 1 -J I , 1 , „ , 1 , „ / c 

log *"-m+[m/M] log U-m < — log W-m+Im/M] log \\U-m\\ < 



f / 71 X~\ " ~ ° 1 1 — lilTYlttl ivi I 1 1 o ii "Mi - o II " — lliTyilLl iv± I II o ii ' "■ 1 1 — -in 

m — [m/MJ 1 ' 1 m m 1 ' ' m 1U 

This contradicts ( |8.14 ). Thus < m/3 and as m — < p, it holds < p/2. □ 

the points Zfc and zjj, are 6* fc -close and so z ria , and ; are 



3.9 



Proof of lemma \8.9[ By Lemma 
V -close. 

Let us bound from above the angle: 



\ V n a , XV nJ 



\smA(v n ,,v„ 



11%/ II ■ \KJ 

Put n' := [ry/2] + 1. Let y : = /V~ n ' \ z ) an d y' := f n ^'~ n '(z'). We have 

|sinZ(%,,%,)| = 



11%, II • \\<J 

\det(T y p')\ ■ |K,_ n , x v> ,\\ \\T y p'-T y ,r'\\ ■ \\v' n ,\ 
< — = 1 = 



l%,l|-||%,l 



By /i-times property of a' (Lemma 3.9 1), \\v' n ,_ n /||/||^ , || < e n ' c / 3 . 



Thus the second term is bounded from above by \\T x f n ' — T x >f n '\\e nc / 3 . The same classical 
computation as for (8.10) gives, \\T y f n ' - T yl f n '\\ < n'e 2n ' c 6 n '. As n 1 is greater than n a >/2, the 
second term is less than 6 n ^'^ i /2. 

Let us study the first term of this sum. Since the determinant is less than b, \det(T y f n ')\ < b n . 



By inequality (8.13): 



< e 4 



Consequently: 



> II "n„i 



v n ,\\>e y 



(n-n a ,)c+ ^ IKy-nM] < ^_ n _ nl) c +(rv _ n)c+ < ^ 2 „ q , c + 



|det(r^/»')HK,_ n ,xi; ,| 



< 6™'e 2c+ V e -"' c /3. 



I%,ll • 11%/ I 



As n' is greater than n a //2, the first term is less than 6 n ^'^ /2. 
Therefore: 

\ S mZ(v',v na ,)\<9^'/ 5 . 



□ 
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mt,[3T 

9^, [231 
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23 
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b, 6>, [TO 

c, c + 
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12 



14 



s_, s+,[T2" 



Box, 10 



Common box, 14 



Common piece, [Ti] 

Common product of depth z, 14 

Common sequence, [T4| 



Common stable manifold, 15 



Complete, incomplete, prime, suitable chain of 



symbols, 16 



Critical point, 43 



Equidistribution on the periodic points. 



Flat stretched curve, 12 



h-times, 13 



Infinitely irregular, 21 



Markovian Partition, 25 



Parabolic piece, 15 



Puzzle algebra, [17 
Puzzle piece, [12] 



Order of a puzzle piece, 12 



Puzzle pseudo-group, 13 



Simple puzzle pseudo-group, 13 



H-eventually regular, 21 



H-regular, 18 



p-H-regular points, [2TJ 



Right divisibility /, 36 



Simple pieces, 13 



Stretches across, 11 



Strongly positive recurrent, [8] 



Strongly regular, 17 
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